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First & Foremost 


Since the year 1989 when India started participating in the Physics Olympiads, the interest 
of the school students in the country has tremendously increased in India National Physics 
Olympiad (INPhO). Now, we find a number of really talented students in almost all the 
prestigious schools in India who are excited about this mega event and sincerely desire to 
participate in it, win a handful of medals and make the country proud. We just need to 
educate them about the competition, and provide them the relevant study material. 


The Physics Olympiad tests the participant's level of mastery of the methods of Physics and 
the strategizing and tactical skills in plenty. The Olympiad is an open challenge to all those 
who love the problem solving. 


This book has been written, keeping in mind the orientation required on the parts of 
students to face the Olympiads at national or regional level. This book has designed to give 
the student an insight and proficiency into almost all the areas of Physics. Exhaustive 
theory has been provided of selected and relevant chapters to clarify the basic concepts. 
Problems from recently held Olympiads have been given to increase awareness of what to 
expect in the event. 


REVISED EDITION OF THIS BOOK HAS 


1. Complete theory with support of good number of solved examples and exactly on the pattern 
and level of Indian National Physics Olympiads. 

2. Eachchapter has two level exercises divided according to NSEP and INPhO (Indian National 
Physics Olympiad) 


3. Solutions have been provided for selected questions. 


First of all, I would like to thank Mr Deepesh Jain ,Director, Arihant Group the man witha 
distinct vision, for the idea to write this book, and then bringing it to reality. I am also 
thankful to my colleagues and students for the moral support they provided. I take this an 
opportunity to thank Sunil Chugh, Director, HMA, for the inspiration to write the book of 
this nature, and Sumit Malviya for the assistance he provided in the preparation of the 


manuscript. 


Itis hoped, this book will charge you up for the Olympiad juggernaut. I have tried my best to 
keep this book error-free. However, if there any error is left I request the readers to bring 
forward to my notice. Suggestions for the further improvement of the book are welcome. 


With best wishes 


Saurabh A. 
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Introduction 
PHYSICS OLYMPIADS 


ABOUT THE EXAM & HOW TO SUCCEED IN IT ? 


National Physics Olympiad 

The National Physics Olympiad (INPhO) is an annual physics competition for high school 
students. It is one of the International Science Olympiads. The first IPhO was held in Warsaw, 
Poland in 1967. India started it participating in International Physics Olympiad from 1998. In 
2008, there were 80 countries which sent their delegates to participate in the Olympiad. 


Each national delegation is made up of five student competitors plus two leaders, selected on a 
national level. Observers may also accompany a national team. The students compete as 
individuals, and must sit for intensive theoretical and laboratory examinations. For their efforts 
the students can be awarded gold, silver, or bronze medals or an honourable mention. 


The theory test consists of three questions and that have to be done in 5 hours. Usually these 
questions involve more than one part. The practical examination may consist of one laboratory 
examination of five hours or two which together take up the full 5 hours. 


The competition is held for two days. The first day is given three theoretical problems (three 
problems involving at least four areas of physics taught in secondary schools, total number of 
marks is 30). Another day is given some experimental problems (one or two problems, total 
number of marks 20). These two days are separated by at least one day of rest. On both 
occasions the time alloted for solving the problems is 5 hours. Each team consists of students 
from general or technical secondary schools (not colleges or universities). Typically each team 


consists of five students (pupils) and two supervisors. 
The minimal scores required for Olympic Medals and Honourable Mentions are chosen by the 
organisers according to the following rules: 

> A Gold Medal should be awarded to the top 6% of the participants. 

e A Silver Medal should be awarded to the top 18%. 

* A Bronze Medal should be awarded to the top 36%. 

* An Honourable Mention should be awarded to the top 60%. 

* All other participants receive certificates of participation. 


e The participant with the highest score (Absolute Winner) receives a special prize, in addition to 
a Gold Medal. 
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As in every International Physics Olympiad, the IPhO provides a unique opportunity for high school 
students to demonstrate their abilities in physics, exchange experiences and build cross-cultural 
contacts. Participants will experience the opportunity to make new and lasting friendships with peers 
from all over the world; visit archeological sites full of ancient history; admire the beautiful 
landscape, and to attend talks by world renown scientists regarding interesting research in physics. 


Indian National Physics Olympiad 

Indian National Physics Olympiad is held as a part of the selection process of International Physics 
Olympiad. The first part of the selection procedure which involves written examination, is held at 
the end of January or beginning of February. Indian Association of Physics Teachers (IAPT) is 
responsible for conducting the examination for selection. 


Stages 


Stage I National Standard Examination in Physics (NSEP) 

Before they become a part of Indian National Physics Olympiad, the students of Classes XI and XII 
need to qualify for in the National Standard Examination in Physics which is held in the month of 
November prior to Physics Olympiads. Among the 30,000 students who appear for this examination 
only 1% qualify for the Indian National Physics Olympiads. 


Stage II Indian National Physics Olympiad (INPhO) 

Based on performance in NSEP, the top 300 students in order of merit qualify to appear for the 
second stage of the Olympiad programme (INPhO). In case there is a tie at the last position, all 
students with the same marks qualify for the INPhO. 

All students who qualify to appear for the INPhO get a certificate of merit from LAPT. INPhO is 
organised by HBCSE at about 15 centres in the country. 


Stage III Orientation Cum Selection Camp (OCSC) in Physics 


On the basis of performance in INPhO, the top 35 students in the merit list are selected for Stage III, 
Orientation Cumtional Physics Olympiad (IPhO), provided they satisfy required criteria such as age 
limit, holding valid Indian passport, medical fitness, parental consent, etc. 


Stage IV Pre-departure Training (PDT) Camp for IPhO 


The selected 5 member Indian team undergoes a rigorous training programme at HBCSE in theory 
and experiments. Special laboratories have been developed at HBCSE for the purpose of 
experimental training. Resource persons from HBCSE and different institutions across the country 
train the students. 


Stage V Participation in International Physics Olympiad (IPhO) 


The 5 member student team, 2 teacher leaders and 1 scientific observer constitute the delegation to 
represent India at the International Physics Olympiad (IPhO). 
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Career Prospects 

The Olympiad gives the students a good exposure to Physics and makes them aware of the latest 
development in the area of science. The students gain immense confidence after participating in this 
contest, and their horizon of knowledge broadens considerably after that. Moreover, it adds to their 
curriculum vitae and is viewed as an achievement, Those students who qualify for the training camp 
at Mumbai are assured of direct admission to BSc Physics programme at Chennai Physics Institute. 


Craze of The Examination 

The students of Class XI and XII form a part of Indian and International Olympiad. These contests 
are responsible for generating interest in Physics among the students. The complex nature of 
problems presented in the examination and difficult procedure of selection makes participating in 
this examination an enviable position. Since the questions are based on the Class XII level, most of 
the candidates are familiar with the principles and they try to solve the questions. They consult 
books which have complex questions based on Physics and its properties and solve the questions. 
Prospect of better future, once their talent is recognised, keeps them interested in the Physics 
Olympiad. 


General Eligibility 
For International Physics Olympiad, the candidates must be pre-university students studying in Class XI 
or XII of a recognised school in their country. The candidates must be 16-18 years of age. 


For the Indian National Physics Olympiad, the candidates must be in the age group of 16-18 years 
and must have passed through the selection procedure. 


Skill Set Required 

The competition in Olympiads is so stiff that only a near perfect candidate with exceptional ability 
to calculate and decipher the principles of Physics can even participate in it. The level is so high and 
the problems are so sophisticated that sometimes even the teachers of Physics take time in solving 


those problems. 


The candidates must develop ability to think quickly and substantiate their answers with reasons 
and explanations. Speed with accuracy while computing the mathematical expressions is essential 
criterion. The candidates must be well versed in all the fundamentals of Physics and should be able 
to employ the principles simultaneously. The candidates must possess analytical ability and must be 
able to comprehend the crux of the problems and give solutions accordingly. 


Difficulty Level 

These examinations are highly sophisticated methods of testing the students’ ability in Physics. The 
problems range from course of Class XI to XII and all the basic concepts are also tested thoroughly. 
The candidates must have a sound knowledge of the subject and must be able to employ at will the 
various formulae, mix the knowledge of the fundamentals with the advanced level and should be 
able to express in both written and practical examinations. 


Every topic is complex and requires thorough study. Those who are able to crack the Olympiads are 
easily able to pass the IIT entrance examination. 
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Previous Years' Trend Analysis 
The questions cover the entire course, there are questions from Heat and Thermodynamics, 
Relativistic Velocity Transformation and Collision Mechanics. 

There are subdivisions and questions are based on various principles. 


How To Prepare for Different Topics In Stipulated Time 

The subject Physics is regarded as possessing a highly complex domain. At more advance level, the 
subject turns inter-disciplinary. Preparation for pure Physics is a challenge. Physics involves . 
computation of problems along the line of Mathematics. The best way to prepare for the Olympiads 
is go back to Class IX and X and start from there. For the complex problems there are books by 
Arihant which help in preparing for the examination. 


General Mental Set Up Required For The Examination 

The candidates, to participate in this examination, must have the power of concentration and have 
the ability to sustain stamina for working over a longer duration of time. Since the work involves 
exercise of mental faculty, it is essential that the candidates remain free of stress and inclined only to 
think in the direction of doing well in the examination. The candidates must possess self-confidence 
and be totally involved in the task of preparing for the examination. They must have ability to think 
creatively and must be familiar with all the basic concepts of Physics. 


Do’s and Don’t on The Day of Examination 


On the day of the examination, the candidates must take care about a few things which are 
listed below: 


* The candidates must reach the venue of the examination at least half an hour before time. 
* The candidates must carry their admit cards to the examination hall. 


* The candidates must carry their own pens, pencils, erasers, sharpeners and must refrain from 
borrowing these articles from the other candidates. 


* The candidates must abstain from talking to other candidates in the examination hall while the 
examination is being conducted. 


* The candidates must hand over their answer sheets to the invigilator as soon as the stipulated 
time is over. 


How This Book Is Useful For You 


This book is a collection of lessons which contain challenging problems from various Nation 
International Physics Olympiads. The problems are provided with complete solution and sometim 
alternate method of solving a problem is also given which is very useful for the candidates Effi 7 
has been put in this book to make it a wholesome and utilitarian self. non 


~study guide for preparati 
National and International Olympiads. The pattern of the examination has been a ms 
maintained to give the students real feel of the examination, Most of the questions rn in thi 
s g in this 


book are from National and International Olympiads. 


al and 
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Particle Mechanics 


Types of Motion 


1. Translatory Motion When a body moves in such a way that the linear distance covered by each 
constituent particle of body remains same. 
(a) Curvilinear Motion Path is curved. 


Curvilinear motion 
(b) Rectilinear Motion Path is straight. 


Rectilinear motion 


2. Rotatory Motion or Rotation When a body moves in such a way that every constituent particle of 
body covers same angular displacement. 


Components of Translatory Motion 
(a) Displacement (s) = Minimum distance between two points. 


Displacement 


(b) Velocity (v) = - 
Time 


Total displacement 


» a loci <V = 
(c) Average velocity oime 
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(d) Instantaneous velocity (v, ) 


As _ds 
4t30 At at 


v, =tan@e 
(e) Acceleration (a) = Vfinat — Vinitial 
Time 


zasa ð 


At 
(f) Instantaneous acceleration (a, ) 


Av_ dv 


At>0 At dt 


a =tanée 


Components of Rotatory Motion 
(a) Angular displacement = (6) 
(b) Angular velocity (w) -20 


ie Total angular displacement 
Total time 
(c) Instantaneous angular velocity («, ) 


_ ye 40_ d0 
m in, ee 


@, =tanð 
= Aw 
(d) Angular acceleration (a)= a 


(e) Instantaneous angular acceleration (o) 


q= 
4t>0At at 
a, = tan@ 


Equations of Motion (Translatory) 
l.v=utat 2. v? =u? + 2as 


3: s=<v>t=(%4t)t 
2 


or smut + 5 at? 


Note Equations of motion are valid only for uniformly accelerated motion. 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Particle Mechanics 3 


Special Cases 
1. For a particle starting from rest, u=0 
2. For a particle stops after sometime, v = 0 
3. For a particle, starting from a point and returning to the same point, displacement s= 0. 


Equations of Rotatory Motion 


1.0 =p) + at 2.0=agt + Sat? 3. 0° - wh = 200 
These equations are valid only if angular acceleration of body is uniform. 


Example 1. The position of a particle moving along the x-axis depends on time as follows 
u -kt 
x=—(l-e™) 
k 


where u and k are constants. 
(a) What is the total displacement of the particle and the distance covered by it? 
(b) How are the velocity and acceleration related to each other? 
Solution (a) Total displacement =x (c)-x (0) 
u l) p l ) u u HU) ee 
> =—/1-—]-£/[1-—] = —@-0)-£(-1)=— unit 
k ( e” ) k ( k a k k 
Instantaneous velocity v = S =% [O0-(-k)e™**)] = : (kke7*t)=ue™** 


Putting v =0 


O=ue* = l =0 => e 
e 


Kt Z o% or t=%œ 


This indicate that the velocity will decrease from u to 0 in infinite time, i.e.,velocity will not change its 
direction. 


; 7 R" 
` Distance covered = Displacement covered = X unit 
(b) Instantaneous velocity, v =u e~*' 
; dv ap e. 
Instantaneous acceleration, a= Br =u -ke*)=-k(ue™*) 


a=-kv 


Thus the acceleration at any instant is proportional to the magnitude of velocity and is directed 
opposite to the velocity. 


Motion Under Gravity 


1. Maximum height attained by a particle projected vertically upward with an initial velocity u. 
2 


Han 

2g 

2. Time taken to attain H max 
u 


g 
3. Total time of flight 
T= 2u Hmax 
g 
4. Velocity at a given height 


vet yu? -2 gH 


u 
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Motion Along an Inclined Plane 


Effective acceleration on the body along the plane =g sin8 
Time taken in sliding a particle down the whole length of the incline T = E cosecé 
g 


= Velocity acquired by a particle in sliding down an inclined plane is the same as that acquired by a 
particle falling freely from rest through a distance equal to the height of the inclined plane. 


v= 2gH 


Illustrative Solved Examples 


Example 2. A particle is moving along an expanding spiral in such a manner that the particle's normal 
acceleration remains constant. How will the linear angular velocity change in the process? 


Solution The normal acceleration is O, = + =°R, where R is the radius of spiral. 


Whence the linear velocity grows in proportion to the square root of the curvature radius of spiral, while 
the angular velocity decreases by same law. 


Example 3. Find the time taken by the particle to slide down a height h along the line PQ. 


Solution Here PN is the line of greatest slop. 
So, component of acceleration acting along PN =gsin6 
So, component of acceleration acting along PQ = apo = gsin® sec p 
From right angled triangle PNQ, 


cosp=lN. 
PQ 
PQ=PNsecBh 
Now u=0, a=gsinOcosB 
li 
s=ul+—at 
Using 7 
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hcosec @secB = : (gsin@ cosB)t? 


t? = 28 (cosec? asec? B) 
g 


t= Ea cosec@sec B 
g 

t> a cosec 8 
g 


t > time of sliding along PN. 
= Time taken to slide down an inclined plane is least along the line of greatest slope. 
= Line of greatest slope is also reffered as line of quickest descent. 


Since sec B > 1 for 0<B < 90° 


Example 4. (a) Show that time taken by a particle to slide from any point on a vertical circle along a 
smooth chord terminating at the lowest point of the circle is constant. 


(b) Time taken by particle to slide down any chord of smooth vertical circle, starting from rest at highest 
point is constant. 


Solution (a) Consider any chord QB making an angle 9 with the vertical diameter AB 
For motion of particle along QB 
u=0, s=QB 
a=gcos6,t=? 


Using s=ut+ sat? 


QB =5gcosot? 


fa 2 QB 
gcosé@ 


From right angled triangle AQB 


g 


t= Z = constant. 
g 


(b) Let AP be any chord drawn from A on the circle. Making angle a with the vertical. 
Angle subtended by chord AP with horizontal = 90° -œ 
For motion of particle from A to P 
u=0, a=gsin (90° -a ), s= AP 
Ling? 
i =ut+—at 
Using s=ut+ 5 


AP=5 gcosa t? 


2 AP 
gcosa 


t?= 
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From right angled triangle APB 


cosa= 


ZAB = t= f -constant 
g g 


Example 5. Ifa point moves with constant acceleration, then show that space average of velocity over any 


2 2 ag 
distance is 2 [oat and the time average of velocity iss (u, + Up), Where u, andu, are the initial 
Uy + Uz 


and final velocities. 


Solution Letv be the velocity and s the distance travelled from the starting point at time t. 
Let a be the whole distance moved andT be the whole time taken, then we have 


Space average of velocity = i f ° vds 
a+s=0 
and Time average of velocity = 4 Í ray dt 


Let A be the acceleration of the point. 
Then from v? =u?+2As, we get 


v?’ =u? +2 As fi) 
and uz =u? +2 Aa ..-(ii) 
Also v=u,+At ..- (iii) 
and Up =U, + AT ...(iv) 


sp liya 
.. Space average of velocity = = foy 


l ça 2 yz . 
=> f _(ur+2As) ds [From Eq. (i)] 
a s=0 
12 (u2+2 Ash?) _ (u +2 Aaj”? - (u? ¥/? 
“al3 2A 3 Aa 
23/2 _ (420/2 212 
„E : oer [ Aa=“2—"“ From Eq. (i)] 
5 (27u) 2 
_2 (u}-u}) _ 2 (uz + Wup + Ur) 
3 (u? -u/) 3 (Up + u) 
and time average of velocity 
L pr i at 
=F Jeno Matin |, (u, + At) at [From Eq. (iii)] 
T 
=} [usar _(u+ATP-u? u-u? 
T| 2A |, 2AT 2 (u, -u,) 
AT =u, -u [From Eq. (iv)] 
== (u; + Up) 
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Particle Mechanics 7 


Example 6. A lift ascends with constant acceleration a, then with constant velocity and finally stops under 
constant retardation a. If the total distance ascended is s and total time occupied is t show that the time 


during which the lift is ascended with constant velocity is (t° — 4s / a). 


Solution The whole journey consists of three parts. Let v be the maximum velocity acquired in 1st part, 
which will remain uniform in 2nd part and will gradually reduce to zero in 3rd part due to retardation. 
Since acceleration in the first part and retardation in the 3rd part are equal, therefore the time taken 
and distance covered in acquiring velocity v in first part from start will be equal to the corresponding 
time and distance in 3rd part in destroying the velocity v . Let distance travelled be x, and time taken be 
t; in each of the parts. 


.. In the first and last parts of motion, 


we have v=at, 0 
and v" =2aXx, Gi) 
In the second part of motion, distance moved = s - 2x; and time taken =t -2t 

; (s—2x,)=v(t-2t) ... (iii) 


From Eqs. (i), (ii) and (iii), we get 
2 
v 
s-— =at, (t-2t. 
A a 1 ( 1) 


or s-at? =at; (t-2t) [From Eq. (i)] 
or at? -att + s=0 


o i _at+Ja°t? — 4as 


2a 
or 2t=tt ee 
a 


or t-2t,=Jt?-— 


Example 7. Ifh be the height due to velocity v at the earth's surface, supposing the acceleration due to 
gravity to be constant, and H the corresponding height when the variation of gravity is taken into 
account, prove 


where R is the radius of the earth. 


Solution Supposing the acceleration due to gravity to be constant and equal to g, 
according to the problem we have 
v?=0+2gh or v*=2gh (i) 


when variation of gravity is taken into account, let P be the position of particle at 
time t, such that OP=x 


“. The equation of motion is 


a’x__ mp 

dt? x? 

dx p a 
or ae ... (ii) 
On the surface of the earth x = R 
. g=u/R? orp =gR? ... (iii) 
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8 Indian National Physics Olympiad 
From Eqs. (iii) and (ii), we have 
2 
y 4 __ gR* 
ax y wv 
dt? dx 
Integrating with respect to x, we get 
2 
ly- Rt G ..- (iV) 
2 x 
At the highest point A,v=0 and x =OB+ BA=R+H 
.. From Eq.(iv), we get 0= gR? +G or G= -gR? 
H+R ' ! H+R 
v?=2gR?| 1-1 
x H+R 


On the surface of the earth, ie., at B,v=vandx=R 
v? =2gR? È š TE or 2gh=2gR° east 


R H+R R(H + R) 
From Eq.(i) v? =2gh 
or h= RH or 1_H+R or dill 
H+R h RH h H R 


Example 8. A particle starts from rest at a distance a from the centre of force which attracts inversely as 
the distance. Prove that the time of arriving at the centre is a./n/2u, where u is a constant. 


: , pong E>. E? 
Solution The equation of motionis %2 =- E i 
dt? x (i) 
ax 
Integrating Eq. (i) (a) =-2p logx+C 
4 = ax _ 
Initially at x =a, u~ 0 (Given) 


0=-2p loga+C or C=2p loga 


2 
dx 
=| =2 -1 
(5) u (log a—logx) 


or & =- J2 Tog @/x) (ii) 


The negative sign is due to the fact that the particle is moving towards the centre 
<. From Eq. (ii), we get dx 


1 
(a 
2u floga/x) 


Required time from x =a tox=0 


a i dx 
V2u **=a fdoga/x) 
wt i. -2aze-*'dz Putting log @/x) =z 
J2p ?x=0 Z 2 
; orx =e ordx =2aze-?"dz 
= 2a “edz 
ven 70 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Particle Mechanics 9 
att afeti 
2 2 0 2 
=@ E 
2u 


Example 9. A particle is attracted by a force to a fixed point varying inversely as (distance)". If the 
velocity acquired in falling from an infinite distance to a distance a from the centre be equal to the velocity 
acquired in falling from rest from distance a to distance za prove thatn=3/2. 

Solution Given that ô __ Hay xo an) 

dt? x" 
where x is the distance of the particle from the fixed point at time t. 
Multiplying both sides by 2(dx/dt) and integrating, we get 


2 
(*) =-2p k+! / Ene D4 


2 
or (*) a es ...ii) 
dt) (n-1)x""! 
If the particle falls from rest at infinity, then at x =~, dx/dt = 0 
a c=0 
..From Eq. (ii), we get 
dx 4 n L] 
= 2 n—-1)x"~ 
( x) u /[(n-1) 
.. If v be the velocity of the particle at x =a, then 
v? =2u/[n-1)a"}] ..- (iii) 
Again, if the particle start from rest from x =a, then at x =a, dx/dt = 0 and from Eq. (ii), we have 
0= — +CorC=- a 
(n-1)a""} (n-1)a"~ 


.. From Eq. (ii), we get 


dx)’ _ 2u hiri 
dt n-l1ļ|x”-! a" -! 


~. If v, be the velocity of the particle at x= 3 a, we have 


2_ 2H 1 _ 1 üv) 
Vy (n-1) Haf” a”! 
4 


Now, if v =v}, from Eqs. (iii) and (iv), we get 


2u 2a p a 
(n-1)a"~} (n-1)|a" a" 


1=4"-1—-1 or 2=4"7) 


or 2=(2? yn-} =22n-2 


or 2=2?”" or 2n=3 or n=3 
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Example 10. If a particle is projected towards the centre of repulsion, the repulsion varying as the 
distance from the centre which in this case is s with a velocity s Jp, prove that the particle will approach 
the centre but never reach it. 


Solution Let the particle be at B at a distance x from the centre O after time t. 
Also OA = s (Given) 
The force of repulsion means that the acceleration is away from O in the direction OB. Also the particle is 
projected from A towards O. 


2 
<. The equation of motion is =x mill 
t 
(The acceleration being away from O, we have + ve sign) (0) B A 
Integrating Eq. (i), we have (dx/dt}? =ux? +C = z 
Given that atx = s,dx/dt=s Ja ~». su=su+C or C=0 
ai ; ix 
ue es .. (ii) 
(Pause oe Bens 
(Negative sign has been taken as the particle moves towards O) 
1 1 
or dt =- | -= (5 dx 
el 
~<. Time to reach the centre O from A (i.e., from x = s to x = 0) 
1 ç0 dx 1 1 
Bea —=——~[logx]§ =—= [log s - log 0] 
far len a oes oe 
1 
=-= [log s-(~»)] t log0=- 
T (. log 0) 
=o 


i.e., the particle will reach the centre after infinite time i.e., the particle will never reach the centre O. 


Example 11. A particle moves in the curve y =a log sec (x/a) in such a way that the tangent to the curve 
rotates uniformly; prove that the resultant acceleration of the particle varies as the square of the radius of 


curvature. 
Solution The equation of the path is 
x 
y=alogsec— i) 
As the tangent to the curve rotates uniformly, 
So, a. constant = (say) Ai) 
Differentiating Eq. (i), we get 
Y La So sec * tan 1 
dx sec(x/a) a aa 
x 
or x stan () iit) 
: d’y 1 2(X 
Differentiating again a sec (*) 
1 + (dy/dx)*) 7? _ [1 + tan? (x/a)| 7? ’ 
The radius of curvature = ba en ee iv) 


= sec? (x/a) 
a 
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Also, from Eq. (iii), we get 


d 
tan y = 5 = tan (x/a) or w=x/a or x=ay 


Differentiating with respect to t, we get 


Aasai Leai [From Eq. (ii)] 


mit (aw = constant) 


Also dy _ Ày dx fen($)jao 


dx) (dy) ; 
Now resultant acceleration = eI -| 4 = 0+ a*w' sec? (x / a) 


dt? 
= aw? sec? (x/a) = (w?/a)p? [From Eq. (iv)] 
Hence, resultant acceleration varies as square of radius of curvature. 
Example 12. A boat which is rowed with constant velocity u starts from a point E on the bank of a river 
which flows with a constant velocity v, and it points always towards a point F on the other bank exactly 


opposite to E. Find the equation of the path of the boat. Ifv =u, show that the path is a parabola whose 
focus is F. 


Solution Let F be taken as the pole and the bank FX as initial line. Let at time ¢, the position of the boat 
be at P(r, 6) referred to F as pole. The boat at P will have 2 velocities, u along PF and v parallel to FX. 


At P, the radial velocity E 


& =vcos0-w ...(i) 


and the transverse velocity 


r$ =—vsin 9 ... (ii) 


d g 
Eq. (i)/ Eq. (ii) => r _ yVcos9=u 


rdð -vsin®@ 
or T = (Acosec o-cor)a 0 
r w 
Integrating, logr = = log tan ($)-1ogsino+ log C 
u 8 9 u/ v 
or logr + logsin 0- log C=7 log tan (2) or (rsinoy/ c}=|tan(3) | , 


which is the required equation. 
š 0 
If v =u, the above equation reduces to rsin 0= C tan (5) 


zsin(2)cos (2) 

c me 2 2 =2cos?($) = 1+ coso 
r (8 0 5 
tan|-| sin z / cos 5 


or 


or fn +cos 0, which is a parabola whose focus is the pole F. 
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Example 13. A point moves in a plane curve, so that its tangential and normal accelerations are equal 
and the angular velocity of the tangent is constant. Find the curve. 


Solution Given d vê Ci) 
ds p 
and oY a0 = constant -G 
From Eq. (i), av Va V 
ds p (ds/ dy) 
Integrating it we get, logv =y + log C 
or log(v/C)=y or v=Ce¥ 
or WS _ cov or S.W cer or Bw=cev [From Eq. (ii)] 
dt dt dy 
Integrating, s=lev +k or s=Ae’ +B 
ay 


where A and B are arbitrary constants. 
This is the required intrinsic equation of the curve. 


Example 14. A particle is describing a plane curve. If the tangential and normal accelerations are each 
constant throughout the motion, prove that the angle 9, through which the direction of motion turns in 
time t, is given by 6=A log (l + Bt) 


Solution Given that d’s _ (i 
dt? i 
2 
and La Y m 
p ...(ii) 
where k and à are constants. 
, ds _ 
Integrating Eq. (i), we get n kt+C aÒ 
2 
From Eq. (ii), we get uae 
P 
v? ds 
= here y=— 
i aaa SY dt 
(ds/ dt? _ ds dð _ de 
iad ds/de = dt’ dt ate 0E (ki BP [From Eq. (iii)] 
À 
dð = —— dt 
ba (kt + C) 
Integrating, = ‘log kt + C)+ logu 
Let @= 0 when t= 0, then 0=* log C+ logu 
À À 
@=— log (kt+C)-=—1 
k g(kt +C) k ogc 
A kt+C 
== | 
k os( C ) 
À kt 
0= Si 1+— 6= 
or k oa + <] or A log [1 + Br] 
A k 
A=— and B=— 
where k ra 
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Example 15. A particle, projected with a velocity u is acted upon by a force which produces a constant 
acceleration a in the plane of the motion inclined at a constant angle a with the direction of motion.Obtain 
the intrinsic equation of the curve described, and show that the particle will be moving in the opposite 


direction to that of projection at time u (ercota -1j 


Solution Since the acceleration a is inclined at an angle a with the direction of motion, hence, the 
equation of motion along tangential and normal directions are given by 


9 acosa (i) 
= ~ 
v? a 
and —=asina --(ii) 
p 
Integrating Eq. (i), we get 57 =ascosa + C 
Let s= 0 initially i.e., when v =u. 
Then 12204+C or C=lu? 
2 2 
v? =2ascosa +u? .--(iii) 
Substituting this value of v? in Eq, (ii), we get 
2ascosa + u? = apsina =a. Esin a ¢. p = ds/dy) 
ads dy 


“Zascosa+u? sina 
Multiplying both sides by 2 cos a then,we get 


2acosa ds 
L =2cota dy 
2acosa+u 


Integrating, log (2ascosa + u?)=2 y cot a + log A 
Let y = 0 when s= 0, the logu? =log A 
log (2ascos a + u*)=2 y cot a + log u? 


2 
U+ 2ASCOSA 2ycot i 
— e = in ... (iv) 


[(2acosa)/ u2]s=e2¥°%* -1 
s=[u?/ (2acosa)](e2¥ te -1) 
is the required intrinsic equation of the path 
Again from Eq. (i), we get d?s / dt? =acosa 


; ds 
Integrating, e atcosa + k 


whent=0, =u: u=0+k 
dt 


Hence & satcosa +u (V) 


Also from Eq. (iii), we have v=; (2ascosa + u°) 
“ wal er VRS [From Eq. (iv)] 


dS _ ovcota 


dt 
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~ From Eq. (v), we get 
ue’ ta ~atcosa +u 
t=u(eY © _1)/acosa 
When the particle is moving in a direction opposite to that of projection (i.e. opposite to y = 0). 
We have y = x and hence putting y = x in Eq. (vi), we have the required time 
t=u(e"™'* _1)/acosa 


...(vi) 


Example 16. A bungee jumper is attached to one end of a long elastic rope. The other end of the elastic 
rope is fixed to a high bridge. The jumper steps off the bridge and falls from rest towards the river below. 
He does not hit the water. The mass of the jumper is m. The unstretched length of the rope is L. The rope 
has a force constant (Force to produce 1m extension) of k and the gravitational field strength is g. 


You may assume that the jumper can be regarded as a point mass m attached to the end of the r ope. The 
mass of the rope is negligible compared to m, the rope obeys Hook's law, air resistance can be ignored 
throughout the fall of the jumper. 


Obtain expression for the following 
(a) The distance y dropped by the jumper before coming instantaneously to rest for the first time. 
(b) The maximum speed v attained by the jumper during this drop. 
(c) The timet taken during the drop before coming to rest for the first time. 
Solution (a) The jumper comes to rest when lost gravitational potential energy 
= stored strain energy 


may => k(y- LF 
ky? -2y (kL+mg)+ KÊ =0 


2 (kL + mg)+ 4 (kL+ mg)? - 4k? L 


2k 


kL+ mg + J2 mg kL + m?g? 
= k 
Need positive root Lower position of rest (other root after initial rise). 
(b) The maximum speed is attained when the acceleration is zero and force balance. 
ie. when mg =kx 
Also kinetic energy = lost potential energy - strain energy within rope 


zm =mg (L+ x)~5 kx?, where x =" 


This is solved as a quadratic y = 


2 
fi mg 2E 
v =2g(1+ 2) 3 


2 
v=2gL+ "Z 


(c) Time to come to rest = Time in free fall 
+ Time in SHM of rope to stop stretching 


Length of free fall = L= ; gt? 


ZL 
So, =|= 
l yg 


We represent a full SHM cycle by the diagram. 
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The jumper enters the SHM with free fall velocity = gt, = J2gL=v 


Period of SHM T=2nx E 


sr =a 2gL 
The jumper enters the SHM at time t given by t =1sin” Yo =+ sin l LE 
o 


Jumper comes to rest at one half cycle of the SHM. 
Total time given by = t+ (F - *) 


27 m 1...) j2gL_ [2L pia 1.4 gk 
=e — = Sm = _/— + £,/— --—smn 
Eef o v Vg k @ J2gL+ mg?/k 27k 
be fe 
‘eae 
aL VgL 
This is the same as = L + + [BE + cos" = : 
J2gL+ mg?/k ?/k 
= PE + tan - aa mg'/k 
g k \ mg 


Projectile Motion 


(a) Time of flight T = 24528 
Ds 
(b) Horizontal range R = neze u 
(c) Maximum height H = usm e Á 
2g R 


2 
(d) Maximum horizontal range Rmax = T for @ = 45° 


2 
; E ` x g x 
tile y=usin6| ——— |-= 
(e) Equation of trajectory for projectile y (2) 3 fe) 


gx? 


2u? cos? 6 
(f) Velocity of projectile at any instant of time v = Ju? + gt? -2usin6 gt 
usin6-gt 

ucosd 


im ton usin® -gt 
ucosé 


y =x tano- 


(g) Angle made by v with horizontal at time t, tana = 


(h) Velocity at any height h, v=,u?-2gh 


ju? sin? @-2gh 
tan a = ~——____— 


ucos 6 


a= tan”! E 


ucos@é 
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Projectile Motion Along an Inclined Plane 
Motion Up an Inclined Plane 


Component of u along plane r 
=u cos(a -ß) 
Component of u perpendicular to plane x 
=usin (a - B) P 
Component of g along plane 
=gsinß Ta) * 
Component of g perpendicular to plane 
=gcosB 
1. Time of flight T = 2“Sin (a ~B) 
gcosBp 
2. Range up the inclined plane R = 2u? sin (a - B)cosa 
gcos? pB 
2 
3. Maximum range up the incline Rinex = a 
g(l + sinf) 
Motion Down an Inclined Plane 
j u 
1. Time of flight T =24Sin (a + B) 
gcosB 
2u? sin (a + B)cosa I 
2. Range down an inclined plane R = ee E 
gcos’B 
2 À 
3. Maximum range down an inclined plane R max =——“__. — 
gl -sinf) 


Illustrative Solved Examples 
Example 17. Find direction of projection for maximum range for a given velocity of projection 
(a) up an inclined plane, 
(b) down an inclined plane. 
Solution 
(a) Range of up an inclined plane is 
_2u°sin (a -f)cosa 
7 gcos? B 
where u = velocity of projection 
a= angle of projection w.r.t. horizontal 
B = angle of inclination of plane 


R 


2 
= = ; [2sin (æ - B)cos a] [2 sin Ccos D=sin (C+ D)+ sin (C - D)) 


u? i 
= y- lsin (20 -B)-sin 8] 
gcos‘ B 


Ris maximum when sin Qa - §)is maximum. 
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Particle Mechanics 17 
sin (2a -B)=1 => 2a —B = 90° 
2a= 90°+8 
Bis 90°+8 
2 


(b) Range down an inclined plane 
R=2 u’ sin (a + B)cosa 


g cos? B 
Rau’ [sin (a + B)cosa ] 
gcos? B 
R= =~ [sin (2a + B) + sinp] 
gcos‘ B 
R is maximum when sin (2a + B)is maximum sin (2a + B)=1 
2a+B = 90° 
a- 90°-8 
2 


Example 18. Ifa be the angle between tangents at the extremities of any arc of a parabolic path, v andv’ 
the velocities at these extremities and u the velocity at the vertex of the path, show that the time of 
describing the arc is WV 2%, 

ug 

Solution. Let PQ be the arc of the parabolic path under ysing 
consideration. Let @ be the angle which direction of motion of the 
particle at P makes with the horizontal, then the direction of 
motion at Q makes an angle (x — 6 - a) with the horizontal. 

Horizontal component of velocity remains constant throughout 
the motion. 


vcos0=u=v’cos (x -@-«a) \\yv’ sin (x-6-a) 

vcosĝð =u =- v cos (6+ a) ..-(i) 
Also for the vertical component of velocity for the motion from P 
to Q, we have 


—v’sin(x-8-a)=vsin6d-gt 


v sin (n-89-a) 


or gt =vsin 0 + v’sin (6+ a)= (vsiné)x1+ v’sin(9 + a)x 1 
=vsin [mnst yess 64 2), v’sin (0+ of Pose | [From Eq. (i)] 
Ww’: i 
or t =— [sin (6 + a)cos@—cos (6+ æ)sin 6] 
ug 
or t= sin[(0 + a) -6] 
ug 
or t=” sina. 
ug 


Example 19. A particle is projected under gravity with a velocity u in a direction making an angle a with 
the horizon. Show that the amount of deviation D in direction of motion of the particle is given by : 


tan D=(gtcosa)/ (u-gt sina) 


Solution After timet, let the particle be at P. Let the direction of motion of the particle at P be inclined at 
an angle f to the horizon and v be the velocity there. 
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Then deviation D in the direction of motion of the particle during this time t= angle between the 
tangents at O and P=a-8 f as) 
Horizontal component of velocity remains constant through the motion, so 
vcosB =ucosa (ii) 
Also for the vertical motion from O to P, 
we have 


vsinB =usina -gt 


Eq. (iii)/ Eq. (ii) = tang = “SiNa- gt 
u cosa 
or tanB = tan a - gt 
ucosa x 
or tana - tan B = —9 ...(v) 
ucosa 
Now, tan D=tan (a -ß) [From Eq. (i)] 
—_tana—tanB _ gt / ucosa = gt 
1l+tanatanB l+ tana [u sina -gt)/ucosa] ucosa+usina tana -— gt tan a 
__gtcosa 
u-gtsing 


Example 20. A gun is firing from the sea level out to sea. It is then mounted on a battery h feet higher up 
and fixed at the same elevation a. Show that the range is increased by 
l 
i = a] — l| of itself, u being the velocity of projection. 
u“ sìn“ a 


(S Eaa 


Solution Let R, be the range when the gun is firing from the sea level. Then we have 
R, =(2u* sina cos a)/ g i) 
Now, let the gun be mounted on the battery at a height h feet above the sea level. 
Then referring to O, the point of projection, as origin and Ox and Oy as co-ordinate axes, the 
co-ordinates of A, where the shot strikes the water are (R,,—h), where R, is the range in this case i.e., 
O’A=R). y. 
The equation of the path of this shot is 


2 
y=x tna- — T __ A N 


2u’ cos?’ a 
gR3 
A (R;,-h)lies on it so - h= R, tana - — = —— 
2u* cos“ a 
or gR -2 u° sina cosa R, - 2u? hcos? a = 0 o ihe 
or gR? -gR,R -2u? hcos? a =0, [From Eq.(i)] 
2 
or gR3 -gR,R, - 2u°h E] =0 [From Eq.(i)] 
2u“ sina 
2 hgR? 
or a ee a 
? L? 2? sin? a 
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RY R hgR? R? 2gh 
or R - i) sp Ny 
( 2 g 4 2u sma 4l usina 
or R, -RÈR 2gh V? R 
2 2 4 u? sin? a 2 


Subtracting 5 R, from both sides 
R 2gh 
or R, -R, == || 1+4—3— |-1 
e en a rth | | 


Example 21. Particles are projected from the same point in a vertical plane with velocity |2kg; prove that 
the locus of the vertices of their paths is the ellipse x? + 4y (y -k)=0 


Solution If a be the angle of projection and (x,,y,) be the co-ordinates of the vertex of one of the 


trajectories, 
Os ; 
then nal sina cos a _ 2gksin a cos a PE Sa 
g g 
=2ksin a cos a 
25D a: 
and y, _u‘sin“a _ 2gksin a ksin?a 


w 2g 2g 
Eliminating x from these we get 
x? = 4k? sin? a cos? a =4k? (2)(2 -%1) 4y, k-y,) 
or x? + 4y, (yı -k)=0 


Generalising, the required locus is x? + 4y(y-k)=0 


Example 22. A particle is projected with velocity u from a point on a plane inclined at angle a to the 
horizontal. If r and r' be the maximum ranges up and down the incline plane, prove that —+— is 
r FF 


independent of inclination of the plane. 
2 


2 n = u 
Solution r = maximum range up the plane = TA lisna) 
down the pl u? 
t= i t = 
and r'= maximum range down the plane Faia 
1 1 g(ltsina) g(l-sina) 2g 
Sf >= Ee 
r r u u u 


Which is independent of a. 


Example 23. Show that the greatest range up an inclined plane through the point of projection is equal to 
the distance through which a particle could fall freely during corresponding time of flight. 


Solution Let u be the velocity of projection. 
Let the plane be inclined at an angle $} to the horizontal. 
nue 1 
For maximum range up the plane, the angle of projection a = 4 n+ zP 
2usin( 4 n+ 58-8) 
; _ 2usin (a -ß)_ 4 2 
Also time of flight up the inclined plane = nae a rT 


_ 
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usin nm- 38) 2u sin T COS 58 — cos Z nm sin 6 | 
gcosB gcosB 


2u|cos 8 -sin 5] 


uv2 
= = =T (say) 
v2gcosB a(cos}p + sin 38) 


<. The distance fallen by a particle in this time 


1 2 
T =—g9T 
59 
1 2 u? 
2 = in Ż cosŻß + sin = ) 
g? (cos 5+ sin 58 ) a 58 zP 
uÊ 
———— maximum range up the plane. 
ET ge up the p 


Example 24. A particle is projected from O at an elevationa. Prove that there are 2 positions A on its path 
at which the direction of velocity is perpendicular to OA. Prove that for real positions to exist, œ is not less 
than cos"! (1/3); also if in the two positions OA makes angles ®,,8, with the horizontal, prove that 


6, + 8, =a 
Solution Letu be the velocity of projection. Let the inclination of OA to the y 
horizontal be 0. Then time taken by the particle in moving from O to A 
=2 [usin (a - 0)]/ g cos 8 ..-(i) 


Considering the motion parallel to OA we find that velocity of the particle 
parallel to OA vanishes at A, since the direction of motion at A is 
perpendicular to OA. 

From v=u+at, we find that 


O=ucos(a-6)-gsiné. t 


where t = time taken from O to A 
or t =[ucos(a—6)/ gsin6] a) 


Egs. (i) and (ii) give the time from Oto A 
2usin (œ - 0) _ u cos (œ — 6) 


gcos® gsin 6 
or 2sin@ sin (a — 80)=cos9 cos (a — 6) 
or 2sin [sin « cos 8 - cos a sin 6] =cos 9 [cos a cos 6+ sin a sin 6] 
or 2sina sin 0 cos 0 - 2 cosa sin? 6 — cos? 8 cos a — sina sin@cos@=0 
or 2sin? 0 cosa -sin a sin 0cos 0 + cos? Ocosa=0 
or 2 tan? 6cosa -sin a tan 0 + cos æ = 0 .. (iii) 


This is a quadratic equation in tan @, hence gives two values of tan 0 and corresponding to each value of 
tan @ i.e., 6 there will be one position of A. 
Let the 2 roots of Eq. (iii) be tan 0, and tan 65. 
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Then tan 6, + tan 0, = ee -5 tan o. 
and tan 6, tan 0, = en = ; 
Det 
aio sop-  e or 0, +0, =a 
1-tané,tan 0 , 1-3 
Also from Eq. (iii), if tan@ is real, then B°- 4AC 20 
or sin? a - 4(2cosa)(cosa)2 0 
or sin? a - 8cos? «20 
or 1-cos* a - 8cos* «20 
or 1-9cos*a20 
or 9cos?a< 1 
or cosa<s1/3 
or a2cos (1/3) 


Hence, a cannot be less thancos"!(1/ 3} 


Example 25. Two inclined planes intersect in a horizontal line, their inclinations to the horizontal being a 
and §; if a particle is projected at right angles to the former from a point in it so as to strike the other at 
right angles, the velocity of projection is 


1/2 


sina - sin B cos (a + B) 
a being the distance of the point of projection from the intersection of the planes. 


Solution Let O be the point of projection and u be the velocity of 
projection. Let the particle strike the other plane at Pat right angles. 
From O draw OQ perpendicular to the inclined plane PR 

ZORQ = angle between the planes 
=n-Bp-a 

+ Direction of u is at right angles to OR and OQ is at right angles 
to PR, therefore angle between direction of u and OQ is also 
n-a-ß. 

. The component of u along and perpendicular to OQ are 
ucos (n - œ — B) and usin (x - a - ĝ). 
Also the components of acceleration along and perpendicular to OQ a/\ Ao 
are g cosß and -g sinf. 


Also OR =a (given) 


.. From A ORQ, 
OQ =asin (n - a - B)=asin (a + B) 


Considering the motion parallel to OQ from O to P, we have 
OQ=ucos(n-a-f)t+ 5 9cosB t? 


where t is the time taken in moving from O to P 


or asin (a + B)=-ucos (a + B)t +5 gcospt? ...(i) 
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Also as the particles strikes the plane PR at right angles at P so the component of velocity perpendicular 
to OQ vanishes at P. 
Hence, we have for motion perpendicular to OQ 
O=usin (n -a - ßB)- g sin ß t 
_ usin (a + B) 
gsin B 
Substituting this value in Eq. (i), we get 
=u? cos (a + B)sin (a + B) , gcosB u? sin*(o. + B) 
gsinB 2g* sin? B 
or 2ag sin? B =- 2u? sin cos (a + B) + u? cos f sin (a + B) 
=u? [{cos B sin (a + B) -sin B cos (a + B)} -sinf cos (a + B)}] 


= u? [sin (a + B - B)- sing cos (a + B)] 


a 2 1/2 
or j so pn = sinB sno era | 


sin a — sin B cos (a + B) sina — sin ß cos (a + B) 


or t 


asin (a + B)= 


Example 26. Two inclined planes of equal altitudes h and inclined at the same angle«. to the horizon are 
placed back to back upon a horizontal plane. A ball is projected from the foot of one plane along its 
surface and in a direction making an angle with its line of intersection with the horizontal plane. After 
flying over the ridge it falls at the foot of other plane, show that the velocity of projection is 


: gh cosecB 48+ cosec? a 


Solution OAB is the normal cross-section of the given planes by a plane u 
perpendicular to their common ridge. Let O be the point of projection and ube U’cos a 
the velocity of projection. 

Since the ball is projected from O along the surface of the inclined plane 
containing O and in a direction making an angle f with its line of intersection 
with the horizontal plane, therefore the components of u along OA and 
horizontally are u sin ß and ucosf respectively. The components u cos B remains 
constant throughout the motion and it would cause the particle to fall at some B C fo) 
point D instead of B, which is exactly opposite to O, such that BD=ucosBT, 

where T is the time of flight. 

Here Dlies on the line of intersection of the second inclined plane with the horizontal plane. 

Due to velocity component u sin $ the ball will move first along the line OA then leave the plane at A and 
finally describe the parabolic path AB. 

Hence we have two displacements of the ball, one due to velocity component u cosß and the other due to 
velocity component u sin $. We shall consider them separately. 

From A AOC, OA = hcosec a and OC=hcota = CB 


Let u’ be the velocity of the ball when it reaches A. Then, we have 
u”? =u’ sin? B - 2g sina OA 
=u’ sin? B - 2g sina hcosec a 
=u’ sin? B-2gh (i) 
<. At A, the horizontal and vertical components of velocity u’ are u’cosaand u’sinag respectively. 


Let t be the time taken in moving from A to B, then considering the motion in horizontal and vertical 
directions, we get 


(u’ cos a)t=BC=hcota MALI, 
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and -h=(u’sin at -5 gt? (dil) 
From Eq. (ii) we get t= h 

u'sin a 
.. From Eq. (iii) we get 
2 
E E E 
2 u?sin?’a 
or (u’)* =(ghcosec?a)/ 4 iv) 


Substituting this value of u'? in Eq. (i) we get 


igh cosec*a =u? sin? B - 2gh 


or u? sin?ß = igh (8+ cosec? a) 


or u=> Jgh cosec B 8+ cosec? o 
As for ucos§, it being the horizontal component, it will have no effect on the ball's vertical motion. 


Example 27. A gun fires a shell with a muzzle velocity u, show that the farthest horizontal distance at 
which an aeroplane at a height h can be hit is (u/ g) Ju? -2gh and the gun’s elevation then is 


tn | __ = __. 
ju? -2gh 


Solution Leta be the angle of projection of the shell. 
Let the point of projection of the shell be taken as origin and the horizontal line (lying in the plane of 
flight) and vertical line through the point of projection be taken as x and y axes respectively. 


Then the equation of trajectory of the shell is 


2 


gx i 
y =x tana -—>__._ tee 
2u*cos*x ü 


If R be the horizontal distance of the aeroplane from the point of projection, then the co-ordinates of the 
position of the aeroplane when it is hit by the shell are (R, h) 


(R,h) lies on Eq. (i), 


R? 2 
a0 h=Rtana- 2 SC a = o; (ii) 
a?R 


If R be maximum, then Ro and x? = negative 


Differentiating both sides of Eq. (ii) with respect toa, we have 
o=| Rsec2a+ Æ tana -Z 2Rsec?a AR 4 2R? sec? a tana 
da 2u da 


2 2 2 
ör aR tana - PRsec a|_gR'secatana  psec?a 
u u? 
dR 
If —=0, 
da. 
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Pence f 
then BEES ES _ py eat 
u 
or tana =u*/gR ~ sec?a #0 (iii) ` 


Substituting this value of tan a in Eq. (ii), we get 


nerfa) Ei ut i- ir 


gR) 2u? gR?) g 2u? 2g 2g 2u? 
2 2 2 2 ü 
or oR aE, pa et or R? =4, u? -2gh) or R=— u? -2gh 
2u* 2g 2g g g“ 


Also from Eq. (ii), we get 


2 2 
u P u 
üha s arm get cement or cons 


Ru Ju? —-2gh Ju? -2gh 


Example 28. Three particles are projected from the same point in the same vertical plane with velocities 
u,v,w at elevations a,B, y respectively. Prove that the foci of their path will lie in a straight line if 
sin2(B-y) sin2(y-a), sin2(a -B)_9 
= a e a o a 
u v w 
Solution Co-ordinates of foci of the parabolic paths of three particles are 
ai 2 PN 2 Dias my: 
u‘sin2a =e cos2a ; vé sin2ß À v $0828) ang (* sin2y . w cot respectively: 
2g 2g 2g 2g 2g 2g 
These foci will lie in the same line, if 
(u?sin2a)/2g -(u*cos2a)/2g 1 
w?sin2ß)/2g -(v*cos2 B)/2g 1|=0 
(w?sin2y)/2g -(w?cos2y)/2g 1 
u2sin2a u’cos2a 1 
or v?sin2p v*cos2p 1|=0 
w?sin2y w’cos2y 1 
or u?sin2a[v2cos2B-w?cos2y ] -u2cos2a[v* sin2p -w° sin2y ]+ [v?w? sin2B cos 2 y 
-v*w? cos 2f sin 2 y]=0 


or Z u’v? [sin 2a cos 2B - cos 2 a sin 2p]=0 

or uv? sin 2 (a - B)+ v2w? sin 2 (B - y) + wĉu? sin2 (y - a)=0 

m gaalan Sue Den) dadh a 
w u v 


Example 29. The tangents to a projectile’s path form a AABC, the velocities are v, along BC, v, along CA 
and v, along AB, show that 


Solution Let the tangents BC, CA and AB which form A ABC be inclined at angles 0, 0, and 6 
respectively to the horizontal. 
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Then in A ABC, we get 
4A = angle between CA and AB which are inclined at angles 0, and 6, to the horizontal ie., 
ZA =6, -6, 
ey ZB=% -9 
ZC=n-(ZA+ < B)=n-(0,-0) 
Kaw from A ABC, we have 
BC _ CA _ AB Bg CA  =_ ^B __ kisay) ü) 


z. . . oF ————_— 
sinA sinB sinC  sin(@,-6,) sin(@,-0,) sin (6, - 6) 
Also we know that horizontal component of velocity remains constant throughout the motion, 


so we get 
= vı V2 
Vv, COS, = V2 COSO, =V; cos Q or ———!____ =— 
cos@,cos@, cosé;cos 6 
V3 sa) 


=— a 
cos® ,cos 9, hii 


From Eq. (i) and Eq. (ii), we get 
BC _ ksin (0, ~@,) _ k(sin@, cos 6; - cos 0, sin @) 


vı Acos®@, cose, À COS 8, COS 8, 
or AC =X (tane, — tano 3) 

vi 
Similarly Sit ak (tan 6, — tan 6,) 

2 
and AB =X (rand, — tan 65) 
V3 

Adding these we get — BC, CA =+ AB 0 


Y V2 V3 


Example 30. A particle is projected so as to graze the 4 upper corners of a regular hexagon whose side is c 
and which is placed vertically with one side on the table. Show that the range on the table isc J7 and that 


the square of the time of flight is 28c/gV3. 

Solution Let the particle projected from the point O with a velocity u 
making an angle « with the horizontal. 
Let the particle again strike the ground at K after grazing the four 
upper points F, E, Dand C of the hexagon ABCDEF. The velocity with 
which the particles strikes at K is u and the least velocity will be 
ucosa at the highest point V of the parabolic path. 
Let c=2a. From F draw FL perpendicular to OA. Let OL=h 

AL=2acos 60°=a 

and FL=2asin 60°= 3a 
á EA =2 FL=2a V3 
The co-ordinates of B and E are (h,av3) and (h+a,2a¥3) 
respectively. 
Also the equation of parabolic path is 


2 
gx â) 


=x tana - —;—— 
4 2u? cos’ a 
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a ala are on F (h,a V3 )lies on Eq. (i) 


A 2a V3 =(h+a) tana -lg (h+ aè / 2u? cos? a] .. (ii) 
and aV3 =htana -[gh? / 2u? cos? a] (iii) 
2 
Eq. (iii) - Eq. (i) > a V3 =a tan a -2 Êha +a) 
2u*cos* a 
or B-tana - 2 2hta) ...iv) 
2u* cos? a 


Also range on the horizontal plane = OK 
= (2u? sin a cos a)/ g 


or 20M = (2u? sin a cos a)/ g, 
M is the mid-point of OK. 
or OL+ LA + AM = (u? sin a cos a)/ g 
or h+a+a=(u*sinacos a)/ g 
or u? =g (h + 2a)/ sin a cos a ...(V) 
Substituting Eq. (v) in Eq. (iv) we get 
g (2h + a) (sin a)cos a (2h+a)tana 
=t - = t —_—_—_—_—_ 
vintin 2g(h + 2a)cos? a ä (2h + 4a) 
3a tan a 2h + 4a ; 
= t = see 
ss v3 ia Ce on 
KA From Eq. (v), 2 (h + 2a)= (2u? sin a cos a)/ g 
or av3 tan a = (2u? sin a cos a)/ g [From Eq. (vi)] 
or u? cos?’ a =5av3g ...(Vii) 


Also from Eq. (iii), 
h(2h+ 4a) gh? 


a3 =h tan a —[ga? / 2u?°cos? a]= af [From Eqs. (vi) and (vii)] 


a 3g 
or 3a? =h? + 4ah or h? + 4ah-3a? =0 
ee h=5[-4ax (16a +12a?]=-2a + a7: h is +ve. 
or h+2a=a7 ...(viii) 
2av7 27 
. From Eq. (vi) we get tna=" = B 
= 3 2 = 
Hence, cosa = -zy Sec a 3 
; 53 2.058 2, _ 3lag 
.. From Eq. (vii), us = seca 3 
au? sinacosa 2x3lcg x V7 x243 _ c 
Hence, Range on the table , OK = = Bagdi A 


And square of the time of flight 
[emmay Alnis _ 4x31 xcg x28 28c 
g g 43g? x31 9v3 
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Example 31. A particle projected with velocity J2gh so that its range on horizontal plane through the 
point of projection is 4r. When it is at a distance L from the point of projection it is moving at right angles 
to the original direction of motion, prove that 

Pr? sh} (L-h) 

Solution Let the particle be projected from Owith velocity u = /2gh making angle a with the horizontal. 

Let after time ¢ the particle reach P with velocity v moving at right angles to the original direction, 


Now, vsina =UCOS Q 

or v=ucota wll) 
Considering the vertical motion from O to P y 

we have -vcosa=usina-gt P vsin a 
or gt=usina + vV cosa 


; 2 usin a 
=usina + |ucos* a/sin a] 


[From Eq. (i)] 


a. | > 
_u(sin“a@+cos*a)_ u 
sin a sin 


or gt 
x 


u COS Q A 


or t=—" (il) 
gsina 


If co-ordinates of P be (x, ,y,), then we get 


X =Ucos.f=ucosa [From Eq. (ii)] 


gsina 

=(u* cota)/ g=2hcota 

or xX, =2hcota 
2 
; Tig s u l u å 
E t -—gt" =usina | —— | -= From Eq. (ii 

ma ) — 29 sata} sofi) | a. (0) 

u? u? u? 


=}. —=2 (2=cosec*a) 
g 2gsinfa 2g 


or yı =h(2-cosec? a) (iil) 

Now, OP=L (given) 
L =OP? =x? +y? =(2hcota)® +h? (2-cosec? a)? 

or L =4h* cota + 4h? -4h? cosec?a + h? cosec* a 

or P =h° cosec*a 

or L=hcosec* a „(iv) 

Also horizontal range = 4r (given) 

or (2u? sina cosa)/ g=4r 

or r = (t° sina cos a)/ 2g =(2ghsina cos a)/ 2g 

or r=hsinacos a 


.. From Eq. (iv) and (v) 
a | h? sin? a cos? 
Lr“ =h" cosec* a x h* sin” acos“ a 


L r° =h* cot? a = P (hcot? a) =h' (hcosec? a - h) 
Pr? =b (L-h) 


or 
or 
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Example 32. If v,,v2,v3 are the velocities at three points P,Q,R on the path of projectile where the 
inclinations to the horizontal of these velocities are a, a - B, «-2Band if t,t, be the times of describing 
PQ, QR respectively, prove that v3 t, =Vv;tz ; 

Ee M x ? 2 cosß 
v V3 Vo 


Solution Since, the horizontal component of velocity remains constant, 


z. We have 
v; COS a = v; COS (a — B)= v; cos (a — 2 p) fi) 
Also for the vertical motion of the particle from P to Q, we have 
vsin (a - B)=V, sina - gt, (ii) 


and from Q to R, we have 
v3 sin (a - 2 B)=v, sin (a - B)-gt, 
l 1__ cosa  _ cos(a-2ß) [From Eq. (i)] 
Vv, V3 v cos(a-ß) v,cos(a -ß) 
_cosa + cos (a-2ß)_2cos(a -ß)cosß _ 2cosß 


(iii) 


Now, 


v, cos (a - B) v, cos (a — B) V2 
Also from Eq. (ii), 
gt, =v; sin a — v; sin (a — f) ..-(iv) 
From (iii), gt, =v; sin (a - B)— v; sin (a — 2 p) ms) 


Multiplying Eq. (iv) by v, and Eq. (v) by v, and subtracting, we get 
g (V3 t — tzv, )=V,V3 sin a -V,V, sin (a - B)—Vv2¥, sin (a — B)+ vzv; sin (a — 2 B) g V; ti — tavi) 
= yy,fsin - Y2 sin (a -p)-~2 sin(a - p) +sin (a -2 p| 
vı V3 


=V,V3 [sna -v [2+ 2) sin(a.-py +sin(a -20) 


=V,V3 [sin a — 2 cos B sin (a — $) + sin (a - 2 B)] 
=V,V3 [{sin a + sin (a — 2 B)}—2 cos sin (a — B)] 
=V,V3 [{2 sin (a - B)cosp} —2cosB sin (a — p)] 
=y; xy; x0=0 
vt -Vytz =0 
g#0 
or v; 4 =V;t2 
Example 33. Prove that when a shot is projected from a gun at any angle of elevation, the shot as seen 
from the point of projection will appear to descend past vertical target with uniform velocity. 
Solution Letu and a be the velocity and angle of projection respectively. 


RS is the given vertical target. Let OS =d (say) 
Let the particle be at Q after time t. QM is perpendicular from Q to x-axis. Produce OQ to meet the 


tangent in R. 
QM = Vertical distance travelled by the shot in time t 
= usina: t ->gt? (i) 


and OQ = horizontal distance moved by the shot in time t 
= ucosat 
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Also A OQM ~A ORS 


RS _ QM 
OS OM 
or RS =05 x M 
OM 
usinat - L gt? 
or RS=| —— 2. |xd=|tana- gt d 
ucosa.t 2ucosa 
If (x,y) be the co-ordinates of R, then x =OS=d 
and y= RS=(tana— gt Ja 
2ucosa 
dy dt 2ucosa 


~. The shot as seen from O will appear to descend vertically downwards with uniform velocity. 


Example 34. A ball is projected with a velocity u at an elevation « from point distance d from a smooth 


vertical wall, it returns to the point of projection. Prove that e= — = 
u‘ sin 2a- gd 


wheree = coefficient of restitution. Hence find the maximumd for which the ball can return to the point of 
projection. , 
Solution The vertical force on the ball is only mg throughout it motion because y 
during impact it experiences only a horizontal force on the wall, we have 
Sy =u, t-(1/ 2)gt? 
Let t= total time of flight 
O=usina t - 5a 
_ 2u sina 
g 
Due to impact with the wall, the normal component (ie., horizontal component) of velocity is reversed and 
becomes e times the previous velocity. 
Horizontal velocity before impact =u cosa 
Hence, horizontal velocity after impact =e u cosa 


or t Pa -—d———+| 


i o reach the wall t, =———— 
Time taken t TET 


i me back t, =———— 
Time taken to come EET 
d 2usina 
i +t,=t = 
Again Gtit cosa. eucosa g 
= 141.2usina ucosa 
e g d 
1_u?’sin2a_) 
= 2u Smee _ 
e gd 
= = gd Hence proved 
u? sin2a-gd 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


30 Indian National Physics Olympiad 


For maximum d, 


Forces 


(a) Force an interaction that cause an acceleration. 
(b) Laws governing the Newtonian mechanics 


(i) Newton’s first law 


If no force acts on a body we can always find a reference frame in which the body has no acceleration. 


Or 
If no force acts on a body, if the body is at rest, it will remain at rest, if the body is moving it will continue 
to do so. 
F2 
(ii) Newton’s second law 
x<F=ma ma=K+F,+Kt+... 
in scalar components F; P 
1. £ F, =ma, 2. Z F, = ma, 3. £ F, = ma, 
(iii) Newton’s third law m 
MA MB 
( ) Fas Fea ( ) 
A B 
FE, =~ Fa 


Force of an action reaction pair are always equal and opposite and acts on different bodies. 


Friction 


(a) Friction is a contact force It always opposes the relative 
motion between two surfaces. 


(b) Static friction 
fs <u sN (limiting friction) 
where N = Normal reaction 


Maximum value of t 


f, is approximately constant 


Magnitude of 
frictional force 


fs = Applied force <p ¿N : — 
(c) Kinetic friction 
fk=u,N 
Applied force « Time 
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(d) is called the angle of friction. 


u = tan@ 


(e) ae of repose Minimum angle of inclination @ at which a body just start moving under its own 
weight. 


(f) Properties of friction 
(i) If body is at rest 
fs= component of F anti-parallel to it. 
(ii) fpmax =u, N 


fs 


(iii) When body is moving, friction force is constant 


f 
fk =U N. 
(g) Inertial and non-inertial frame of reference 
(i) Reference frame at rest Fes = MA es 
where Fres and a,., are force and acceleration of a body. 
(ii) Reference frame moving with constant v acceleration of frame = 0 
2 inertial = Arest — 9 frame = Arest — 0= A rest 
A inertial = Brest 
(iii) Reference frame moves with constant acceleration. 
Acceleration of frame = a rame 
a of mass W.r.t. frame aes = Minortiat Z A framo = A rost — A frame 
Let Frame be force on mass in that frame Fyong =M A peu — M a mme = Reg +E 


pseudo 
where Fita =- M A framo 
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Illustrative Solved Examples 
Example 35. Along which of the two trajectories, the horizontal line ac’ b or the broken line consisting of 
two straight segments (ac and cb), will the work performed by a force in displacing an object be greater, if 
the friction is the same for all three straight segments? 
Solution The work performed along ac’ is A 
A, =ac’ mgk 
The work performed against the forces of friction on the 
inclined segment ac is 


A, =acmgkcosa 


=ac’ mgk 
We see that the two quantities coincide, and so obviously, do the similar quantities for c'b and cb. The 
change in the potential energy about ac’ b and acb is zero. Thus, the work performed against the forces 
of friction along ac’ b and that performed against the forces of friction along acb coincide. 


Example 36. A hemisphere rests in equilibrium on a rough ground and against an equally rough wall, if 
the equilibrium is limiting, the inclination of the base to the horizontal is 


2 

sin! 8) H+L 

3(14+p? 
Solution Let 6 be the required inclination of the base to the 
horizontal. Then the forces of friction uR and pS will be as 
marked in the figure, where R and S are the normal reactions at 


the points of contact LM of the disc with the vertical and 
horizontal planes. Let W be the weight of hemisphere acting at G, 


such that OG= (5) where a is the radius and O is the centre. 


Resolving the forces horizontally and vertically, we get 
S=uR s0) 
R+pS=W (ii) 
Eliminating R between Eqs. (i) and (ii), we have 


3 uW 7 
Ž+uS=W >S= (ii) 
u a+ u?) ( 
Also taking moments about the centre O, we have 
~. Substituting from Eqs.(i) and (ii) in Eq. (iv), we have 
2 
EW a+ HY a=w.2sine A) 
(l+p‘) (+p*) 8 
2 
or sino = 8. EER 
3 (1l4+pe 


al8fp+p? 
0 =sin"! |2| HE 
i heal 


Hence proved. 
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Exampe 37. A hemispherical shell rests on a rough inclined plane, whose angle of friction is 4; then 
inclination of the plane base of the rim to the horizon cannot be greater than sin™ (2 sin å). 


Solution Let the base of the shell make the angle 6 with the Q 
horizon in the position when it is on the point of slipping, then 
this inclination of the base is the greatest. 


Then the forces are as marked in the figure. The shell is in 
equilibrium under the action of three forces viz. 


(i) the normal reaction R at the point of contact M, 
(ii) the force of friction uR and its weight W acting through G, 
(iii) the centre of gravity of the shell such that OG= j a, where a 


is the radius of the shell. 


Since, these three forces keep the shell in equilibrium, so W will 
balance the resultant R'of R and pR i.e., GM is a vertical line. 


Z MGN = ®and ZOMG =⁄ 


P 


1 
OG OM a a 
In A OMG A uM Del 
sinOMG sinOGM è  “ sina sinr- 0) 
or 2sin à =sin 0 or 8 =sin™! (2 sin A) Hence proved. 


Example 38. A solid hemisphere of weight W rests with its curved surface in contact with a rough inclined 
plane. A weight P is placed at same point on the rim of the hemisphere to keep its plane surface horizontal. 


Then its coefficient of friction is P/ ,|{W (W + 2P)}. 


Solution Let O be centre of the base of the hemisphere and Gbe its 
centre of gravity, where Gis on the vertical radius of the hemisphere. 
The weight W of the hemisphere acts at G vertically downwards. 
The weight P, attached at the point M on the base of the hemisphere, 
acts vertically downwards, let R be the normal reaction between the 
hemisphere and the inclined plane. Since the hemisphere is on the 
point of slipping downwards, so the force of friction uR acts upwards 
along the inclined plane. Let R’be the resultant reaction. 

So, ZOSN == ZSOQ (By figure) 
where Vis the angle of friction. 

~. The hemisphere is in equilibrium under the action of three forces W, P and R’, out of which two viz., W 
and P are acting vertically downwards hence parallel, so the line of action of R'is also vertical. 

Taking moments of these forces about S, we get 


W -SQ=P-SX (See fig.) or W-OSsini=P-(OM-SQ) =P-(OS-OSsin}) 


: OM =OS = radius or Wsin A= P (1 -sin 2) 
or (W+ P)sinà =P 
=> sini = i i 
= Paw ... (i) 
1 
À = — 
cota 


sin À 


1 
7 \cosec?A-1 yA -sin? a) 
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P/ (P+W) 
[l - {P / (P+ W)}*] 


Putting the value of sin 4 from Eq. (i) 


or a P 


(P+ W} - P?) J[w?+2 PW] 
where p is the coefficient of friction. 
P 


aaron E Hence proved. 
[W (W + 2P)] 


or u= 


Example 39. A uniform plank of length 2a and weight W rests with its middle point upon a rough 
horizontal cylinder whose axis is perpendicular to the plank. Show that the greatest weight that can be 


attached to one end of the plank, without sliding it off the cylinder is bà W, whereb is the radius of the 


a-bir 


cylinder and \ the angle of friction. 


Solution Let the circle with centre O be the vertical cross-section 
of the cylinder through C, the initial point of contact of the rod, 
when the greatest weight P is attached at L, let the rod take the 
position L' M'with N as the new point of contact and its weight W 
acting vertically downwards through C’, the mid-point of L' M'. 

In this position the rod L'M' is on the point of slipping 
downwards. Let R’ be the resultant reaction at N ie., the 
resultant of the normal reaction R and force of friction uR at N. 
The rod L'M’ is in equilibrium under the action of three force 
R', P and W out of which two viz., W and P are vertical i.e., their 
lines of action are parallel, hence the third force R'is also acting 
in the vertical direction. 
Then ZCON = angle between R and R' = angle of friction A. 
Also C'N = arc CN =bi, since OC=b 
UN=L'C'-C'N=a-bit- L'C'=a) 
Now as R'balances the resultant of P and W, therefore, 
P-L'N=W:-C'N=a or P(a-bi)=WOA) 


bir 
or hae Te Hence proved. 


Example 40. A right cone is placed with its base on a rough inclined plane. If + be the coefficient of 


friction, find the angle of the cone when it is on the point of slipping and turning over. 


Solution When the cone is on the point of slipping, the inclination of V, 
the plane to the horizon is A, given by p = tan À ... (i) 
Let the plane be inclined at an angle 4 to the horizontal when cone is 
on the point of toppling over. In this case the vertical line through the 
centre of gravity G of the cone will just fall within the base of the cone 
i.e., will pass through L 


lo lr 
OG 4h 


where, r is the radius of the base and h is the height of the cone. 


A LGO, we have tan $= 
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4r .. _lo_r 

tan ¢=— -=4tana, : tana = 20-7 
Now, the cone will slide before it topples over if 4<4, then 

tan À < tan 6 ---(ii) 


But, if Aand be the inclination of the plane to the horizontal, when the cone is on the point of slipping 
and turning over respectively, then 


1 F is 
tan A= = -> (Given .--(ili) 
wae ( ) 
[- From Eq. (i)] 
tan $= 4 tana (iv) 
[From Eqs. (i) and (ii)] 
where 2 a is the vertical angle of the cone. 
Now, if the cone is on the point of slipping as well as turning over at the same time, then 
A= or tana =tand 


1 E ' 
or a From Eas. (iii) and (iv)] 
B 4tana [ q 
or tan a =l > a = tan`! A 
443 443 


; 1 

Vertical angle of the cone =2 a =2 tan™! | —— 

se of te cone 2a tan" (15) 

Example 41. A cone of given vertical angle 2a, rests on a rough plane which is inclined to the horizon. As 
the inclination of the plane is increased, show that the cone will slide before it topples over, if the 
coefficient of friction be less than 4 tana. 

Solution When the cone is on the point of slipping, the inclination of V 
the plane to the horizon is 4, given by 

p=tana goal) 
Let the plane be inclined at an angle 4 to the horizon when the cone is 
on the point of toppling over. In this case the vertical line through the 


centre of gravity G of the cone will just fall within the base of the cone 
ie., will pass through L 


From A LGO, we have tan $= g or tanġ= T 
where r is the radius of the base and his the height of the cone. 
ár LO r 
tan 6=—-=4 tana, [vtana = 20-71 
Now, the cone will slide before it topples over, if 1<o 
Le., if tan A<tan > i) 
ie., ifu<4 tana, [From Eqs. (i) and (ii)] 


Hence proved. 


Example 42. A uniform cylinder rests on its base on a rough inclined plane. As the inclination of the plane 
is increased gradually, then the cylinder will topple before it slides, if the ratio of the diameter of the base 
of the cylinder to its height is less than the coefficient of friction. 


Solution Let p be the coefficient of friction between the base of the cylinder and the inclined plane. 


When the cylinder is on the point of sliding, the inclination of the plane to the horizontal is equal to the 
angle of friction 4, where 


p= tanda (i) 
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Let 0 be the inclination of the plane to the horizontal when the cylinder 
is on the point of toppling over. In this case the vertical line through the 
centre of gravity G of the cylinder will just fall within the base of the 
cone, i.e., will pass through L 


Let r be the radius of the base and h be the height of the cylinder. 
Then OG= ; h, where O is the centre of the base of the cylinder. 


OL To 2F z 
.. From A LOG, we get t = = — = — vafi) 
# mo OG 2A h i 
Now the cone will topple over before sliding, if à >89 
i.e., if tan A>tan 0 
i.e., if u -= [From Eqs. (i) and (ii)] 
Le., if z <p 


Diameter of the base of the cylinder 
Height of the cylinder 


Hence proved. 


Example 43. A uniform rectangular block of height h whose base is a square of side a rests on a rough 
horizontal plane. The plane is gradually tilted about a line parallel to two edges of the base, then the block 
will slide or topple over according asa> or< p h, where p is the coefficient of friction. 

Solution Let rectangle OPQR be the vertical section of the block 
through its centre of gravity G, where 

OP=a and PQ=h 
When the block is just on the point of toppling over, let a be the R 
inclination of the plane to the horizontal and in this case the vertical 
line through G must pass through O. From G draw GL perpendicular to 
OP. 
Then in A OGL, we have 


1 
=a 
tana = =F =F wll) 
2 
When the block is on the point of sliding, the inclination of the plane to the horizontal must be 1, given 
by 
y=tand (ii) 
<. The block will slide or topple over according as à< or >a 
Le., tanA< or >tana 
ie., p<or>a/h [From Fas. (i) and (ii)] 
Le., ph<or>a 
a> or <ph Hence proved. 
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Example 44. Inside a fixed hollow cylinder of radius R whose generators are horizontal are placed 
symmetrically two equal cylinders each of radius r a third cylinder equal to each of the latter is placed 
symmetrically on them, then the equilibrium cannot exist unless R<r (l +247). 


Solution Let L, M, N are the centres of the smaller cylinders and 
O that of the larger. 
LMN is an equilateral triangle. 


The upper cylinder is in equilibrium under the action of its 
weight W (say) acting vertically downwards through L, and the 
reaction S of each of the lower cylinders acting along MLand NL 


[0] 


respectively. 

Resolving these forces vertically, we have 
2Scos30°=W 

=> SJ3=W . fi) 


Consider the equilibrium of the cylinder with centre M. The 
forces acting on it are its weight Wacting vertically downwards 
through its centre M, the reaction T of the cylinder with centre 
N acting along the common normal in the sense NM, the 
reaction S of the upper cylinder in the direction LM and the reaction R of the large cylinder in the sense 
of the common normal PMO. 
Resolving horizontally these forces acting on the cylinder with centre M, we have 

T + Scos 60°= Rsine ---(ii) 
where, Z MON =26 


Consider the equilibrium of three smaller cylinders taken together. The forces acting on them when 
taken together are their combined weight 3W acting vertically downwards and the reactions R of the 
larger cylinder on the cylinders with centre M and N. Resolving these forces vertically, we have 


2Rcos8=3W ... (iii) 
If the equilibrium exists, thenT, the pressure between the lower cylinders must be the positive i.e., T > 0. 
Le., Rsin@-Scos 60°20, [From Eq. (ii)] 
3W . Wil 
siné-—_.=20 P da 
or ATT B3 [From Eqs. (i) and (iii)] 
1 
or tan 86> ——_ : 
35 ...(iv) 
Now, from figure, its is evident that OM =R-r and MF=r 
Therefore in A OMF, we get sin 6 = MF 
OM 
or sne=—"— or tan@=——_ 
R-r (R-r*)-r?] 
“. From Eq. (iv) we get 
r 1 r? 1 
se SL or ——— squaring both si 
fR-r)-r] 33 R-ryr 27 PY Sauaring both sides) 
or 27r?>(R-r) -r?° or27r?+r?°>(R-r} or 28r?2>(R-r)2 
or rJ282R-r 
or R < r[2/7 +1] 
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Hence, it is proved that equilibrium cannot exist unless 
Rs<r(i+2Vv7). 


Example 45. Two weights P,Q resting on a double inclined plane are connected by a fine string passing 
over a common vertex and Q is on the point of motion down the plane. Prove that the greatest weight 


which can be added to P without disturbing equilibrium is Qsin2 neha tp), 
in? a - sin? à 


a,ß being the angles of inclination of the planes and à being the angle of friction. 


Solution As the weight Qis on the point of moving down the plane 
so, the weight P is on the point of moving up the plane. Hence, the 
forces of friction and normal reactions R and S are marked in the 
figure. Let T be the tension in the string. 

Resolving forces acting on the weight Q along and perpendicular to 
the inclined plane on which Q is placed, we have 


T+puR=QsinB 
and R=Qcosf 
Eliminating R between these equations, we have 
T=QsinB-p QcosBp sal) 


Similarly, for the other weight P, we have 

T =Psina +u Pcosa 
replacing u by -u, Q by P and bya in Eq. (i) 
Equating the values of T from Eq. (i) and Eq. (ii), 


we get QsinB -uQ cosß = P sin a + uP cosa .. (ii) 
or [sins - S02 cosp] = P|sina+ ase cosa 
cos À cos À 
p=tana 
or Q sin (B - A)=Psin (a + A) ... (iii) 


Let Vbe the required greatest weight which can be added to P such that the weight (V + r)on the plane of 
inclination a is now on the point of moving downwards. 
Then, from (iii) replacing B by a, « by B, Q by (V+ P)and P by Q, we get 

(V+ P)sin (a — A)=Q sin (B + A) (iv) 
or Vsin (a - A)=Qsin (B + A)— Psin (a — A) 
Multiplying both sides by sin @ + A) we get 

Vsin (a —A)sin (a + A)= Qsin (a + A)sin(B + A)- P sin (a + A)sin @ —A). 

or Visin? « — sin? A)= 5 QI2sin (œ + A)sin (B + 1) -sin (B - A)sin (a — 1)] 


{ Psin (a + à)= Q sin (B -A)} 
=5 Q[{cos (a. B)-cos (a + B+ 2A)} — {cos (B -a)-cos (B + a ~ 24] 


=1Qlcos(a+ B-21) -cos (a + B + 2 1)] =} Qisin (œ + B)sin2 a] 


y= Qsin (a + B)sin2A Hence proved. 


or 
sin’ a - sin? A 
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Example 46. Two rough particles connected by a light string rest on an inclined plane. If their weights 
and corresponding coefficients of friction are W,,W, andy, „u , respectively, then the greatest inclination 
of the plane for equilibrium is 


tan“ (mW + u2 W / Wi + Wg) 


Solution Let the required greatest inclination of the plane be o, then 
the particles would be on the point of sliding down the plane, hence 
the forces of friction, R, and u,R, will be up the plane, where R, and 
R, are the normal reaction’s of the plane on the particles of weight W 
and W, respectively. Let T be the tension in the string connecting the 
particles. 

Resolving the forces acting on the particle of weight W, along and 
perpendicular to the inclined plane, we have 


uR =Wsina+T ---(i) 
and R, =W cosa --ii) 
Similarly for the particle of weight W,, we have pR, + T = W, sina (iii) 
and R, =W, cosa (iv) 
From Eas. (i) and (ii), we have 
T =p, W, cosa — W sina ..-(V) 
From Eqs. (iii) and (iv), we have 
T =W, sina — pW, cosa ...(vi) 
Equating the values of T from Eqs. (v) and (vi), 
we have 
uW cosa — W sina = W, sina - p, W, cosa 
or (W + W,)sina = (pW; + p2W,)cosa 
or tana -HM + HW, 
W +W, 
or a = tan”? (ep) Hence proved. 
W +W 


Example 47. A pack of cards is laid on a table and each card projects in the directions of the length of the 
pack beyond the one below it; if each project as far as possible, show that the distance between the 
extremities of successive cards will form a harmonical progression. 


Solution Let 2a be the length of each card. 

Consider the equilibrium of the uppermost card. The 
forces acting on this card are its weight W acting at its 
centre of gravity G, such that OG, =a and the reaction R, of 
the lower card. This reaction would act at A, since we are 
given that the cards are projected as far as possible, hence 
there would be geometrical contact only throughout the 
remaining portion of the uppermost card in contact with 
the lower one. 

Now these two forces keep the uppermost card in 


equilibrium. Hence the reaction R, and the weight W of the W W 3W2WW 
uppermost card will act along the same vertical line in (a) 

opposite directions. Hence G coincides with A 

ie., OA =a s) 
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Now consider the forces acting on the second card from upwards. Here the forces acting are, the weight 
W of the card acting at its centre of gravity G,, such that AG, =a ; the weight W of the first card acting at 
A and the reaction R, of the third card (from upwards) on the second acting at B. 

Now the first two forces together are equal to 2W acting at the mid-point A, of AG,. Hence we are left 
with two forces viz the force 2W acting at A, and the reaction R, acting at B. These two forces keep the 


second card (from upwards) in equilibrium hence R, =2W and B coincides with A, i.e., AA, = 5a 


Similarly, consider the equilibrium of the third card Rg R R R; 
from upwards. The forces acting on this card are 
(i) the weight W of this card acting at G, such that 
AG =a, 
(ii) the weight 2W of the upper two cards acting at 
Hi, 
(iii) the reaction R, of the fourth card (from upwards) 
on this card acting at C. 
Now the first two forces are together equal 


2W+W i.e., 3W acting at A,, such that 


or A, A, == 
Thus we are left with two forces viz the forces 2 Wacting at A, and the reaction R, acting at C. Since these 
two forces keep the third card in equilibrium, so we have R} =3W and C coincides with A). 


Similarly, considering the equilibrium of the fourth card, we can find A,A; = 3 a. 


Hence, the distances between the extremities of the successive cards are 5a 5a i a,... which evidently 


are in HP [Fig. (b)]. 


Example 48. A sphere of weight W is placed between two smooth planes, one of which is vertical and the 
other inclined at an angle « to the vertical. Find the reactions of the planes. 


Solution The sphere is in equilibrium under the action of three forces viz, its weight W acting, vertically 
downwards through its centre O and the reactions R and S acting at the points of contact M and N of the 
sphere with the given planes. 


From the figure its is evident that p 
ZRON =a= Z MOS 
5 ZSOR =180° -4 
and ZSOW = 90°+ a, 
Applying Lami’s theorem at O, we get 
R _ S _ W 
sinSOW sinROW sinSOR 
5 R S __ W 
sin (90°+a) sin90° sin (180°-«a) 
a R S_ W 


cosa 1l sing 


=> R=WcotaandS=Wcoseca 
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Example 49. A smooth sphere is supported in contact with a smooth vertical wall by a string fastened to a 
point on its surface, the other end being attached to a point in the wall; if the length of the string be equal 
to the radius of the sphere, find the inclination of the string to the vertical, the tension of the string and the 


reaction of the wall. 
Solution LM is the wall and O is the centre of the sphere. 
The forces acting on the sphere are 
(i) its weight W acting vertically downwards at O, 
(ii) the normal reaction R between the sphere and the wall at the point of 
contact M acting normally to the wall, passing through the centre O, 
(iii) the tension T in the string LN. 
Since, two forces R and Ware meeting at O, therefore the third force T is also 
passing through O. 


Let Obe the inclination of the string to the vertical. Also we are given that (string 


LN = radius ON) 
Le., OL=ON + NL=20N 
< nA OML, 
sing lM. OM 1 A) 
OL 20N 2 


¢. OM = ON = radius) 
Applying Lami's theorem at O, we get 


T ss R _ W 
sin 90° sin[(90°+(90°-6)] sin [180°-(90°- 0)] 
T R Ww es 
5 P = (ii) 


l sin@ cosd 
Now, from Eq. (i), 


and tan@= 


al- 


Therefore, from Eq. (ii) 
W 2W W 


“cos® J and RE anoa 


Example 50. A sphere of weight W and radius a is kept in equilibrium on a smooth inclined plane by 
means of a string of length l. One end of the string is attached to the sphere and the other to the inclined 
plane. If the plane is inclined to the horizontal at an angle a, then show that the tension in the string is 


[W (a + lsin a]; (2al + 1?) 


Solution In the position of equilibrium P is the point of contact of the 
inclined plane and the sphere with centre O. 
The sphere in this position is in equilibrium under the action of three 
forces, viz, 
(i) its weight W acting vertically downwards through its centre O, 
(ii) the reaction R between the sphere and the plane acting at right angles 
to the inclined plane at P and passing through O, 
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(iii) the tension T in the string SQ, whose one end is attached at S on the sphere and the other at Q on 
the inclined plane. 

Since, lines of action of two of these process viz, R and W meet at O, so the line of action of the third force 

T will also pass through O. 

Let ZPOQ = 8 and from the figure above it is evident that Z POM =a. 

From P draw PM and PN perpendiculars to lines of action of the forces W and T respectively. 

Taking moments about P, we get 


T-PN=W- PM 
or T-OPsiné=W- OPsina 
or T=W (sina/sin@) ...(i) 
Also in A POQ, we find that 
coso=-2P oS _is a ...(ii) 


OQ OS+SQ a+l 
where a is the radius of the sphere and 1 the length of the string. 
Also siné = Jl -cos? 0) = y[1-{a/ @+D}) , well 
= \fla+ IP -a}/ a+ IP = a? +2 + 2al—a? 
a+!) 


sino=(2al+1?)/ @+1) 


Putting this value of sin@ in Eq. (i), we get 
T= Wsina)(a+ 1) 


J(2al + 1?) 


_(W@+l)sina] 


[2al + 1?) 


Example 51. Two equal rods of weight w are freely joined. Their free ends are attached by string to a 
fixed point. A circular disc of weight W and radius r rest in the angle between the rods and the whole 
hangs in a vertical plane. If 2a be the length of each rod and each string, 26 the angle between the rods, 

D 


prove that 


or the tension in the string SQ is 
Hence proved. 


r=2asin?6 tang (272) 
W 

Solution AB and BC are the rods; AD and CD are the strings. The 
weight w of the rods are acting G, and G,, the mid-points of AB and 
BC respectively. The weight W of the disc is acting at its centre O. 
T is the tension in the strings AD and CD. 
Resolving vertically the forces acting on the system as a whole, we 
get 

2T cosð=W+2w ...(i) 
The disc is in equilibrium under the action of its weight W and the : 
reactions R of the rods at the points of contact K and N of the disc 
and the rods. Resolving these forces vertically we get 
2 Rcos (90° -6)=W 

or 2Rsino=W ...(ii) 
The rod AB is in equilibrium under the action of its weight w at G, 
tension T at A, reaction R of the disc at K and the reaction between 
the rods at B. 
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Taking moment of these forces about B, we have 
G- BL=w BG, sin 9+ RBK 
or T - ABsin20=w > ABsin 0 - R-OBcos8ð (See figure) 
or T -2asin20=w.asin0+ R-rcoté (AB = 2a and OB=r cosec 0) 
or weer -2asin 20=w-asin 0+ ud -rcoté [From Eqs.(i) and (ii)] 
2cos@ 2sin 0 
9 
or 2a (W + 2w)sin 0 = w - asin 6 + wees 
2sin* 0 
or Wrcos0=2 sin? 9 [{2a (W + 2w)sin 0- (w - a)sin 6] 
or Wr cos 0=2 sin? 0 aW sin 6+ 4aw sin 0- wa sin 6) 
or Wr cos 0 =2 sin? 0 RaW sin 0 + 3aw sin 6) 
or Wr cos 9 =2 sin? 0 -sin 0 RaW + 3aw) 
or 2 sin? 0 -sin 6[2aW + 3aw] 
.-.—————— 
cos 6-W 
or r=2 sin? 0-tan0-a (=) 
or r=2asin’ 6 tan 0 a} Hence proved. 


Example 52. Two blocks of massesm and M are connected by a chord passing around a frictionless pulley 
which is attached to a rotating frame, which rotates about a vertical axis with an angular velocity œ . 


If the coefficient of friction between the two masses and the surface be p, and u, respectively, determine 
the value of œ , at which the block starts sliding radially (M >m}. 

Solution Evidently, the larger block of mass M experiences more d 
centrifugal force radially outwards, compared to the block of 
smaller mass m, (M >m and n >ñ) 

Fig. (ii) shows their FBD 
Owing to the larger force experienced by block of mass M, it 
tends to fly off radially. 
In the situation of limiting equilibrium, we have, QQ ee 


i F 
T=mo’r,+f, and T+f,=Mo° n X a E ; b 
A o 


mo?rz P <= 
a morn T k— n 
z 
h h 


Fig. (ii) 
(where f, and f, are frictional forces for the two blocks and the Fig. (i) 
surface) 


fi =umg and fz =».Mg 


“. The above two equations get reduced to 
T =mo*r, + pımg (i) 


and T + p2Mg = Mw?r, ... (ii) 
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Subtracting Eq. (i) from Eq. (ii) 
H2Mg = Ma'n — mw*n -pmg 
2 _ 9 (ym + pM) 


=> w 
Mr, - mñ 
V2 
5 ox g(pım +p, M) 
Mr, - mn 


Example 53. Two blocks lying on a rough inclined plane are connected by a light string. If the plane be 
given an acceleration ay vertically upwards, find the acceleration of the block m, relative to the incline. 
(Assume \t = coefficient of friction and m, > my). 


Solution Let us attach a reference frame to the inclined plane which would be a non-inertial frame of 
reference. The acceleration of the block m, found thus, would be the required acceleration. 


mg 
Both the blocks will be acted upon by pseudo forces and further, since block of mass m, is heavier 
compared to the other, it would tend to descend down the plane and hence friction would be upwards 
along the plane. 


mg 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Particle Mechanics 45 


Hence, we have 
N, =m; (Ag + g)cos 0 
m @ + g)sin0 -T -fi = ma 
=> m (a + g)sin0-T -pm,@ + g)cos 8 = m;a 1) 
Similarly, 
N, =m, (ap + g)cos8 
T -f2 - m, (Ap + g)sin 0 = m,a 


= T -m, u (ag + g) cos 0 - m, (a + g)sin 0 = m,a =) 
Eq. (i) +Eq. (ii) > a- Sor gm, —m,)sin @—p (m, + m,)cos 8 


m, + m, 


Example 54. An object is thrown upward with an initial velocity Vv). The drag on the object is assumed to 


be proportional to the velocity. What time will it take the object to more upward and what maximal 
altitude will it reach? 


Solution Since, the drag is proportional to the velocity of the 
object, so is the acceleration caused by this force (with a minus 
sign). Hence, by Newton's second law, 


dv 
r aiii 
where r is the proportionally factor, whence 
v dy t 
lirei st 
Integration yields 
v=(vo+2)e"" -9 (i) 
r r 
For v = 0 this yields 
l rv . 
tm -1m (1+2) ... (ii) 
To find the maximal altitude, we rewrite Eq.(i) in the form 
ali 9) o-rt_9 5 
T =(vo+2}e ia- .. (iii) 
Integrating this equation to t, we find that 
h=[vo+2) ža -079-2 ..Aiv) 
rr r 
i dh , : x wos 
Bearing in mind that at that point of greatest ascent v = u 0 and combing this result with Eq. (iii), we 
get 
(vo j 2) ettm =I atv) 
r r 


Substituting t from Eq.(ii), we arrive at the final result 


na4]vp-2in(1-"2}| 
r r g 
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When drag is extremely low, or r ¥o/g<< 1, we can employ the expansion 


in(1 ta) -e-a (Ye) 
g g 2\9 


This results in the well-known formula, 


Example 55. A tractor pulls a sledge loaded with logs over an icy road at a constant speed of 15 km/h. 
With what speed will the tractor pull the same sledge and its load in summer over a ledger road if the 
power developed by the engine is the same in both cases? The coefficient of friction for motion over the icy 
road is k =0.01 and over the ledger road k, = 0.15. 

Solution Since, the power of the engine is the same in both cases, the following relation should hold. 

N =Rv = Fv, FAIN 
where F and v, are the tractive force of the engine and the speed of the tractor on the icy road; F, and v, 
are the tractive force and the speed over the ledger road. l 


Since at constant speed the work done by the tractive force of the engine is only expanded in both cases 
to overcome the forces of friction, 


F =k,Pand F, =k,P FAC) 
where P is the weight of the sledge. 
It follows from Eqs. (i) and (ii) that 
ky, =k, si .. (iii) 
k 
Now, according to question. 


we have, 
k =0.01,v, =15 km/h and k, = 0.15 


.. Putting these values in Eq.(iii), we get 


yp = 201 x15 
0.15 
=> Vo =1 km/h. 


~. The tractor will pull the same sledge and its load in summer over a ledger road with speed of 1km/h. 


Example 56. A man standing on the platform of a decimal balance performs rapid squatting motions. 
How will the readings of the balance change at the beginning and end of squatting? 


Solution When the man begins to squat he relaxes the muscles in his legs and allows his body to “fall” 
with a certain acceleration a directed downwards and the pressure on the platform of the balance f 
becomes such that, 


Se == - — 


mg - F= ma 
or F=mg - ma 
Le., F< mg 


At the end of the squatting the man increases the tension in the muscles of his legs, thus increasing the 
pressure on the platform and creating the acceleration a directed upwards which is necessary to 
compensate for the velocity acquired during squatting. In this case the second law equation will take the 
form 


F-mg=ma 
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and the pressure will be, 

F = mg + ma 
ie. F>mg (ii) 
Hence, at the beginning of the squatting motions F< mg and at the end F> mg. 


Example 57. Weights P, and P, are connected by a thread string over a fixed pulley block. Initially the 


centres of gravity of the weights are at the same height. Determine with what acceleration and in what 
vertical direction the centre of gravity of the combination of weights will move if P, > P,- 


Solution After a time t each weight will be displaced from the initial position by a distance 


_at? 
~ 
(By the equation of Newton’s second law) 
where, a=- Èg 
P +P, 


In this case the centre of gravity of the system should obviously move down a certain 
distance L from the initial position towards the larger weight (see figure). Upon 
determining the centre of gravity, the distances of the centre of gravity from the weights 
should be inversely proportional to the magnitudes of these weights 


Le., StL -A 
S-L B 
Lee 
or fae 22 tae Bs li) 
1+ R +P, 
P, 
2 
Inserting the value of S = > in Eq.(i), we get 
2 
B+P, 2 


Comparing this result with the formula for the path of uniformly accelerated motion and then inserting 
the values of the acceleration of the weights we find that the centre of gravity should move down with an 
acceleration 


The magnitude of the acceleration of the centre of gravity is less than that of each weight separately. 


Example 58. A compressed spring is situated between two carts of mass m, and m,. When the spring 


expands and assumes its initial state it acts on each cart with an average force F for a time t. Then, after 
the spring is fully expanded and its action ceases. Prove that the carts will more along horizontal rails in 
such a way that their centre of mass (centre of gravity) remains at rest. Disregard friction. 


Solution The combined centre of mass of the carts before motion will lie on the straight line OO’. By 
definition the distances of the carts }, and I, to their centre of mass should at any moment of time t be 
inversely proportional to the masses of the carts. 


ie., — S 
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The distances covered by the carts during the time t will be 4 
Si =vyt and So =Vot V; }e—S1 +— Sp —>| v2 
eS : < 
Le., aM i 


The velocities imparted to the carts by the action of the 
compressed spring will, by Newton’s second law, be equal to 


Therefore, 


Ss yom Aom h 
and the distances of the carts from the straight line OO’ satisfy the same ratio as the distances from the 
centre of the gravity. ie., the centre of gravity of the carts is always on the straight line OO’. 


This result can also be obtained directly from the law of conservation of momentum which gives in this 
case 


Vv, _ My 
MV, =N5V5 OF — = — 

Di =m 
v m 


Example 59. Assume that the jet engine of a rocket ejects the products of combustion in portions whose 
masses are m=200 g and whose velocity on exit from the nozzle of the engine is v = 1000 mys. 
Assuming it flies horizontally with what velocity will rocket move after the ejection of the third portion of 
the gas? What will the velocity of the rocket be at the end of the first second of motion if the engine 
produces twenty bursts per second. 


The initial mass of the rocket is M =300 kg and its initial velocity is zero. Disregard the air resistance to the 
motion of the rocket. 
Solution Denoting the velocity of the rocket by v, after the ejection of the first portion of gas, by v, after 


the second portion, by v} after the third and by vy after the Nth portion and utilizing the law of 
conservation of momentum, we obtain 

For the velocity of the rocket after the ejection of the first portion of gas 

mv 


M —m)v, -nv =0 ory, = ; 
( ) 1 M-m saf) 


After the second portion 


2 
(M -m)v; =(M -2m)v; -nv or v, =<? _ 


M -2m ae 
After the third portion 
(M -m)v, = (M -3m)v, - mv 
3mv 

or V3 = =2m/s iii 
ar ee / .. di) 

Therefore, the velocity of the rocket after N“ ejection is 

Nmv 
Vy = + Vo9 = 13.5 m 
N M-Nm' 7° m 


Example 60. A sledge slides down an icy hill of heighth (by figure) and stops after cove 
The distance LM is equal to s. 


Determine the coefficient of friction k between the sledge and the icy surface. Calculate 
the sledge over the path ON and over the path NM. 


ring a distance NM. 


the acceleration of 
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Solution The sledge at the top of the hill has a potential energy 
E=mgh 
During motion this energy Is expanded on the work J, to 


overcome the forces of friction over the path ON and on the 
work L, to overcome these forces over the path NM, 


ie., E=mgh= L + Ll, 
The force of friction over the path ON 


“Nae eee teen 
>| 


R =kmg 


Eri 
where l is the length of LN. The work will be 
L, =F ON =klmg 
For the path NM the force of friction 
F,=kmg and the work is 
L, = F, MN =kmg (s-1) 
Hence, mgh= L + L, =mgks and k= a 
S 


The equation of Newton’s second law for the motion of the sledge over the path ON will be 
h 2 3 7 ee ee pee 
m one F = ma, and therefore a’= Eat 


Since Le 1,a>0 and the sledge will move over the path ON with a uniformly accelerated motion. 
S 


The acceleration over the path MN is a’ =- kg and the sledge moves with a uniformly retarted motion. 


Example 61. A man in a boat A, of mass m, =300 kg pulls a rope with a force F =10 kgf. The other end of 
the rope is tied first to a tree on the bank and then to a boat B of mass m =200 kg. 


Determine the velocity of the boat A in both cases at the end of the third second. What work will be done in 
this time and what power will the man develop in these two cases by the end of the third second? 


Disregard the weight of the rope and the resistance of the water. 


Solution In both cases the man imparts the same acceleration. 
F 


a= 


mı 
To the boat A and therefore the velocity of the boat A v, =at E =1 m/s 
m, 


will be the same in both cases. 
In the first case the work done by the man is 
= mv; 
A, =a es kgf-m 
and in the second case 


2 2 
A, = MM + MV2 375 kgf-m 
erg 2 


Where v, = Fe is the velocity of the second boat by the end of the third second. The power developed 
m 
by the man at the end of the third second in the first case is 
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N; = Fv, =10 kgf-m/s 
and in the second 

N, =F (v, + V2)=25 kgf-m/s. 
If N, >N; 


Example 62. An hour glass consists of two compartments joined end to end by a connecting tube through 
which sand from upper compartment can fall to the lower compartment. 
If the hour glass is freshly inverted and placed on a weighing pan, describe with the aid of a graph how the 
reading on the weighing scale would change until all the sand has dropped to the bottom compartment. 
(Ist NPO Singapore) 


Solution In the steady state when all sand has settled down in the lower compartment the scale reading 
is obviously equal to the weight of the hour glass plus sand (wọ). 
When the hour glass is freshly inverted sand begins to transit from the top to the bottom compartment. 
The position of sand in transit is free falling and hence contribute no weight until it hits the bottom 
compartment. Thus initially the pan will show a steady decrease in weight until the first sand particles 
hits the bottom compartment. 
When sand hits the bottom compartment its velocity is instantly reduced to zero. This is translated as 
an impulsive force equal to the rate of change of momentum experienced by the bottom compartment 
and hence a sudden (step wise) increase in weight is registered. 
During the interval when the string of sand in transit is constantly falling and hitting the bottom 
compartment and being replenished by more sand falling from the top compartment, the system is ina 
steady state and the net weight of the system is equal to wọ, ie., as the falling sand string had been 
frozen in motion. The rate of loss in weight by the top compartment is just balanced by the rate of gain 
in weight by the bottom one. Sudden 


When the top compartment just becomes empty, decrease ih Wt: 
there is no further loss in weight of the top "y 

compartment while the bottom compartment | [Raimi O 
continues to gain more sand i.e., more weight at a Wo in wt. 

steady state. 

The gain ends when the last bit of sand has fallen 
down, at this instant the weighing pan suddenly T 


losses its supply of falling sand and its associated impulsive force. There is thus a step wise drop in 
reading to the find steady value of wo. 


Example 63. An amusement park ride consists of a large vertical cylinder that spins about its axis fast 
enough that any person inside is held up against the wall when the platform is removed. The coefficient of 
static friction between the wall and person is 0.3 and radius of cylinder is 5.0 m. Find the maximum period 
of revolution necessary to prevent the person from falling. How many revolutions per second does the 
cylinder perform? (NSEP 2001-2002) 


Solution Maximum upward force due to static friction Fa = x pressing force 
i Fax =H X mro? to prevent the person from falling, we require 


mg <u mr o? 
25.9 4r? g 
pr’ T? pr 
or T s2n [He 
g 
05x5 
Ter (ea? =2.46 
ii g 9.8 


Revolution per minute = a =24.4 pm 
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Example 64. A force F acts on an object which is initially at rest. The graph shows how the magnitude of 
the force veries with time t. 
(a) Sketch a graph showing how the velocity of the object would vary during the time for which the force 
acts. 
(b) Calculate the momentum of the object after 50 ms. 
(c) Find the average value of the force. 


(British PO 1995) 
Solution 
(a) F(N) 
(b) Impulse = Force x time 
= change of momentum = area of triangle 
Vv 
F 
ro) t 
25 
=1x 50x 100 
2 
(c) From rectangular area = triangular area average force=25N 06 50 100 t 


Work, Energy and Power 
Work 


Work is done when the point of application of force moves. 
F 


W =F-S= FScos6 


Special cases 
1. If 6=0°,cose=1 
= F and S in same direction. 
W= FS 
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2. If 0°<@< 90°, cos6> 0 
= Fhas a component in the direction of S. 
So, Wis +ve. 
3. If6 = 90°, cos6=0 
= Fis perpendicular to S. 
W=0 
4. If 90°<0< 180°, cos@< 0 
F has a component in the direction opposite to S. 
So, Wis - ve. 
5. If6=180°, cos@=-1 
F and S are in opposite direction. 
W=-FS 
Work done by a variable force 
x 
W= f F(x)dx 


“i 


= Work is the area under FandS curve. 


= When force changes magnitude and direction from point to Fe) 
point 
Was =|. Fas 
Energy 


Capacity to do work 
Mechanical energy = Kinetic energy 
+ Potential energy 


(a) Kinetic energy = - Mv? 


(b) Potential energy 
1. PE of a body of mass m placed at a vertical height h 


a 


Poe] 
PE = mgh 
2. PE of a spring when it is elongated or compressed by an external force 


PE =] kx? 
2 


e— | — i—i 
=> Mechanical energy of a body in a conservative force field remain constant } 


i 


(KE), + (PE), = (KE), + (PE) 
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Power 
The rate at which work is done by a body or a system. 
Average power P = we 


Instantaneous power P = lim (=) 
At>0\ At 
p -W 
dt 
= Power is also defined as scaler product of force and velocity. 


P=F-yv 


Illustrative Solved Examples 


Example 65. Prove that the work done against the tension in stretching a light extensible string is equal to 
the product of its extension and the mean of the initial and final tensions. 


Solution Let L be the natural length of the string. % x 


Let it be extended from A to B such that OA =a and OB =b. We O A 4 Q S 
are to find the work done against the tension in stretching the string from A to B. Let Xbe the modulus of 
elasticity of the string. 


Let OP =x and PQ = ôx 
PQ being small, tensions at P and Q can be taken to remain same. 


Tension in the string when it is stretched upto P = ; (x - L) acting in the direction PO. 
.. Work done = E (x - D] 6x (In case of PQ) 


~. Work done against tension in stretching from A to B= f a (x-L)dx 


= - LF - (a - LF (i) 
1 a 
=5 J (b-all(b- L+ (a- L) 


lf a À 
-(b-a)5[F(b- D+ Ža- 1) .. di) 


Also if T, and T, be the tensions in the string at A and B then we have 
T, =Ž(a- L) and ha~G=y A 
E L 
Also extension produced = AB = b - a 


.. From Eq. (ii) we find that work done against the tension in stretching from A to B 
= (Extension produced) x ; (Ti + Tp) 


= (Extension produced) x (mean of initial and final tensions) 


Example 66. A uniform elastic string has lengtha, when the tension isT, anda length a, when the tension 


isT,. Show that its natural length is (a,T, - a4,T,)/ T, - T,) and that the amount of work done in stretching 


1_@T, -a,T,y 
it from natural length to (a, + a,) is TT -plasa 


Solution Let L be the natural length of the string and Aits modulus of elasticity. 
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T =} (a - L) and T; => a - 1L) 


TD -L 
T, a,-L 
or T, (a, - L)=T>(a, - L) 
or LT: - T,)= aT; -aN 
or L-A- AN _ 2h zae (ù) 
Tr- T, -T; 
Which gives the natural length of the string. 
Also T= À (a, - L) 
Lee 
L a-L 
À aT, - aT> 
or — =T, A- arad E bal 
L i/ fa ( T, -T; J| 
or à- m-n) (ii) 
I; (a =a) 


Now the required amount of work done 


=3l0+ * (a + A,)— L(a + a, - L) 


iff,-% r a 
== 2 1(a, +a, - LY č 
32 =) ı + a, - L) [From Eq. (ii)] 
-1[1-T a, +a aT, -aT 
2\ a -a T-T 
(aT, - a,T,)° 


Example 67. A uniform string of mass M and length 2a is placed symmetrically over a smooth peg and has 
particles of masses mandm’ attached to its ends; show that when the strings run off the peg its velocity is 


M+2(m—m ) ag o 0 
M+m+m’ 
Solution 


Case I Depth of the centre of gravity of the system from the 
peg O. 


m'g 


1 1 1 1 : 
a+m'’ga+—Mg—-a+—Mg—a À 
AAEM gat eee ee Mg 


mg+m’g+ 5 Mg + 5 Mag 
1 M+2(m+m’) 


= = Q—_—___—_- veil 
2 M+m+m © 


Case II Depth of the centre of gravity of the system when 
string runs off the peg 


_ mg2a + m'g0 + Mga bä M + 2m 


Mg + m'g + mg M+m+m' (ii) 
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The initial velocity of the system was O and the velocity of the system when the string runs off the 
peg is v. 


Change in kinetic energy KE =5(M +m + m')y? -3 +m+m')0 
=5(M EME m')v? ..- (iii) 


Also work done by the weight of the system 


M+2m iA 


= + m+ mig jae 2 M+m+m' 


= 5 agiM + 2(m - m’')] 
Now, Change in kinetic energy = Work done 
1 
5M +m +m')y? = 3agIM + 2(m - m’)] 
Fa M +2(m—m') | 
M+m+m' 4 
Example 68. A flexible but inextensible chain of length L and weight w is held on a smooth table with the 
length (L — a) on the table and the length a overhanging. Find the velocity with which the chain will leave 
the table when released. 


Solution 


Case I The depth of centre of gravity of the chain below the table 
w(L — a) 


AA 
te 


w (L—a)x 0+ wax a 


w (L-a)+ wa (w = weight per unit length) 


a? 
~OL ..-(i) 
Case II The depth of centre of gravity when the chain is released 


1 
=5L ... (ii) 


2 
. Work done by the weight of the chain 
wlt 2) me =a) w 
We OL 7 „(iii 
Also initially the velocity of the chain was 0 and its velocity when it leaves the table is v. 
The change in KE = 1 “4 y2 A WE i 
2 g 2g 
-iwh 2 
29 
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^. Change in kinetic energy = Work done 
1 wh 2 W - a’) 
2 9 2 


v= g -a?)/ L 


Example 69. The dependence of the potential energy of an object on its position is given by the equation 
W =ax?° (a parabola). What is the law by which the force acting on the object varies? 


Solution The work performed on an elementary segment of w 

displacement is equal to the decrease in potential energy 
dA =- AW 

The same work can be represented as the product of force by 

displacement 
dA = Fdx 

Hence, R=- AW > Zax O 
dx 


Forces known as quasielastic also obey this law. 


Example 70. Two blocks of masses m, and m, connected by an undeformed massless spring rests on a 
horizontal plane. 


Find the minimum constant force F, that has to be applied in the horizontal direction to the block of mass 
m, so that the other block gets shifted, ifu be the coefficient of friction between blocks and surface. 


Solution As the force F is applied on the block of mass m, it shifts the Ni 
block towards right (if F exceeds the friction force acting on the block). 
This process elongates the spring. So the restoring force generates in 
the spring and tends to move the block of mass m,. If this restoring 
force exceeds the limiting frictional force, the block of mass m, moves. kXo 
For m, fı = uN; 
For vertical equilibrium 
j i ma~ Mi Mg 

and for horizontal motion to impend Ny 

kxo z fi 
j fi =EN, = kxp 2 um,g 
but x, is minimum elongation 

kxg =um;g kxo Fo 
For m, fz = WN 
The force F does the work in shifting by a distance x, against the 
frictional force 

M29 


Besides, it also does work in elongating the spring by a length xo. 
FXq = Xo + zeg = (mg) Xo + 5 xs 


F=pmyg + 5 ko 
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F =um,g + 5 umg) 
F= holm, + m) 


Example 71. A skier starts from rest at point A and slides down the hill without turning or breaking. The 
friction coefficient is 1. When he stops at point B, his horizontal displacement is S. What is the height 
difference between points A and B. (The velocity of the skier is small so that the additional pressure on the 
snow due to the curvature can be neglected. Neglect also the friction of air and the dependence ofp on the 
velocity of the skier.) [27th IPO 96] 

Solution For a sufficiently shoil-horizontal displacement AS can be A 
considered straight. If the corresponding length of path element is 


AL, the friction force is given by yng and the work done by the 


friction force equals force times displacement 


AS 
> mg — AL= AS 
umg umg: 


Adding up, we find that along the whole path the total work done by the friction force is mgs. By energy 
conservation this must equals the decrease mgh in potential energy of skier. 


Hence, h = us. 


Example 72. A stone of mass 50 g is thrown vertically upwards with a velocity of 12 ms! from the edge of 
a cliff 44 m high. 
Sketch a graph of the kinetic energy of the stone against height measured from the bottom of the cliff. 
Indicate the values of the kinetic energy at the top and bottom of the cliff and at its greatest height, 
specifying these heights on the graph. Ignore air resistance. [British PO 1993] 
Solution E(J) 
2 = l m? - mg (H - 44) 
2 25.6 
E = E,, - mg(H - 44) 
At maximum height E = 0 
E, 
H „ =—4 + 44=512m. 3.6 


Ps ; (0.050)0.2)? =3.6 J 


mv 


H(m) 
At H=0 
Eo = Eş, + g(44)= 25. 6 J 


Example 73. Bungee jumping is a sport in which a person jumps from a bridge using strong elastic 
rubber bands which have one end tied to the person's legs and the other end to the bridge so that the 
bands (eventually) stops the person's free fall. The length of the bands are adjusted so that the jumper just 
touches the surface of the water below the bridge. 

Suppose that a jumper of mass 60 kg makes a successful jump from the Sydney Harbour Bridge from an 

initial height of 50 m above the water using bands with an unstretched length of 30 m. 

(a) Determine the maximum speed of the jumper. 

(b) What should be the length of the bands if the jumper has a mass of 90 kg. (Neglect the air resistance). 
[Australian PO-IV] 
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Solution At point P 
lm? + L kx? = mgi(L + x) .--(i) 
2 2 
At water v = 0 
So, 5ko - 1? = mgb 
_ 2mgb (ii) 
b-1P 


Substituting values of m, g, b and I we get 
k=150 Nm” 


(a) Speed is maximum when the net force on the person is zero 


(iii) 


From (i), (ii) and (iii) the maximum velocity is given by 
1 1 
57m =mg(+ Xm) = 5 Km 
Vinx = 25.3 ms” 


(b) For stretching an elastic band the spring constant k is inversely proportional to the length / of the 
band. 


keel 
L 
i F Ex 
Since, U 
F=- FAX 
$; 
F=kx 
EA 
kaS 
So, 7. 
Let k, 4 represents initial spring constant and length for m, = 60. 
For m, = 90 
k=k, L=L 
kh =k apt 
k L L 
_ _2m,gb 
2" (b- LF 
kh _ anoa y 
L (b-L) 
2m,gbL, 
b? - 2bL, + G = 
"a Kh 
L = 268m 
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Let us Practice 


Exercise (Level-1) 
Only One Correct Option 


1. In 


yi 


the non-relativistic regime, if 
momentum is increased by 100%, 
percentage increase in kinetic energy is 
(a) 100% (b) 200% [NSEP 00-01] 
(c) 300% (d) 400% 


the 
the 


. A force of 200 N is required to push a car of 


mass 500 kg slowly at constant speed on a 
level road. If a force of 500 N is applied, the 
acceleration of the car (in ms~2) will be 

(a) zero (b) 0.2 (c) 0.6 (d) 1.0 

In one dimensional motion, a 1 kg object 
experiences a force, which is a linear function 
of time t viz. F = 2t acting in the direction of 
motion. The work done by the force in first 4 s 
is [NSEP 00-01] 
(a) 16 J (b)32J  (c) 64J (d) 128 J 


. Acar accelerates from rest at a constant rate o 


for some time, after which it deaccelerates at 
a constant rate B to come to rest. If the total 
time elapsed is t, the maximum velocity 
acquired by the car is given by 


[NSEP 00-01 & 04-05] 
aß 
ie 5l 


a+ß 
(b) ka 
a? +p? a? =B? 
(d) ase (d) ee | 


. It is possible to project a particle with a given 


velocity in 2 possible ways so as to have the 
same range R. The product of corresponding 
times of flight is then proportional to 

(a) /R (b) R [NESP 00-01] 
(€) R? (d) Y/R? 


. A given object takes m times as much time to 


slide down a 45° rough incline as it takes to 
slide down a perfectly smooth 45° incline. 
The coefficient of kinetic friction between the 
object and the incline is given by [NSEP 00-01] 


1 
(a) u; = bug =1-—, 
ale bi m? 
1 
ny =. (dp, = | 
ni mê hk PTT 


Zo 


10. 


When a bucket containing water is rotated 
fast in a vertical circle of radius R, the water in 
the bucket doesn’t spill provided that the 
bucket is 

(a) whirled with a maximum speed of /2gR 
(b) whirled around with a minimum speed of 


yl / 2)gR 
(c) having a rpm of n= j900g/ x°R 
(d) having a rpm of n = /3600g/ n?R 


. A ball is projected vertically upwards with a 


high velocity v. It comes back to ground in 
time t. Which v-t graph shows the motion 
correctly? [NSEP 00-01] 


V v 
(a) (b) 
t f 
v v 
NM f (@) = f 


. Water is flowing in a river at 2.0 ms~!. The 


river is 50 m wide and has average depth of 
5.0 m. The power available from the current in 
the river is (density of water = 1000 kg/m?) 


[NSEP 00-01] 
(a) 0.5 MW (b) 1.0 MW 
(c) 1.5 MW (d) 2.0 MW 


Two forces of equal magnitude act at a point 
making an angle @ with each other. If the 
direction of one of the forces is reversed, the 
direction of the resultent will tum through 
[NSEP 00-01] 
(a) 30° 
(c) 60° 


(b) 45° 
(d) 90° 
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11. 


12. 


13. 


14. 


15. 


A particle of mass m moves on the x-axis as 
follows; it starts from rest at t=0 from the 
point x = 0, and comes to rest at t = 9 at the 
point x = 1. No other information is available 
about its motion at intermediate times 
(O<t<1). If œ denotes the instantaneous 
acceleration of the particle, then [NSEP 00-01] 
(a) œ must remain positive for half the time 
(b) lal] cannot exceed 2 at any point of time 
(c) |o| must be > 4 at some point or points in 
its path 
(d)a must change sign during the motion, but 
no other assertion can be made with the 
information given 
Water is dripping from the top at a height h 
from the ground at regular interval t,. They 
reach the ground at interval t,. Then t, is equal 


to 
(a) t (b) t, + y2h/g 
(c) t; - \2h/g (d) t + 2J2h7g 


A stone is dropped from the top of a tall cliff 
and n seconds later another stone is thrown 
vertically downwards with a velocity u. Then 
the second stone over takes the first, below 
the top of the cliff at a distance given by 
[NSEP 01-02] 


op aa : 2) 


(a) 2 
2| gn-u gn-u 
n(an- 3) 
(¢) 2} 4 27 (a) Z| 2-4 
? m-5 gn-# 


An insect is crawling up on the concave 
surface of a fixed hemispherical bowl of 


radius R . If the coefficient of friction is ; 


then the height upto which the insect can 
crawl is nearly [NSEP 01-02] 
(a) 5% of R (b) 6% of R 

(c) 6.5% of R (d) 7.5% of R 

A toy gun uses a spring of force constant k . 


-When charge before being triggered in the 


upward direction, the spring is compressed 
by x. If the mass of the sheet is m, on being 
triggered, it will go up to a height of 


[NSEP 01-02] 
(a) kx? / 2mg (b) kx? / mg 
(c) Rx? / mg (d) x? / 3mg 


16. 


17. 


18. 


19. 


20. 


21. 
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The speed of a train increases at a constant 
rate a from 0 to v and then remains constant 
for an interval and finally decreases to zero, at 
a constant rate $. The total time taken to cover 
a total distance l is given by [NSEP 01-02] 


Po 
aE 


A projectile is fired at an angle of 30° to the 
horizontal such that the vertical component 
of its initial velocity is 80 ms“. Its time of 
flight is T. Its velocity at the moment t =T / 4, 
has a magnitude of nearly [NSEP 01-02] 


(a) 200 ms“! (b) 160 ms“! 
(c) 150 ms“! (d) 140 ms"! 
Two statements are made in regard of three 


non-zero vectors A, B and C having different 

magnitudes. 

I. Any two vectors can be combined to give a 
zero vector. 

Il. The three vectors can be combined to give 
a zero vector. 

Then, [NSEP 02-03] 

(a) Statement I and II are always true 

(b) Statement I and II are always false 

(c) Statement I is always wrong, but II may be 
true 

(d) Statement I and II may be true 


Which of the following combination of three 
different physical quantities P, Q, R car never 


be a meaningful quantity? [NSEP 02-03] 
(a) PQ-R (b) PQ/R 
(b) (P-Q)/R (d) (PR-Q)?/QR 


A chain of 5 links each of mass 0.1 kg is 

lifted vertically with a constant acceleration 

1.2 ms~*. The force of interaction between the 

top link and the one immediately below it is 
[NSEP 02-03] 

(a) 5.5 N (b) 4.4 N 

(c) 3.04 N (d) 7.6 N 


A body starting from rest moves along a 
straight line with a constant acceleration. The 
variation of speed (v) with distance (s) is given 
by 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Particle Mechanics 61 


v Vv 
(a) (b) 
s 
s 
v v 
(c) T (d) 
s s 


26. 


(a) downward with constant speed 
(b) downward with decreasing speed 
(c) downward with increasing speed 
(d) upward with increasing speed 


A box weighing 6 kg is being pulled with an 
acceleration 0.5 ms~* over a rough surface 
with the help of a string as shown in the 
figure. If the coefficient of kinetic friction 
involved is 0.1, then the tension in the string 


i [NSEP 03-04] 
<1 30°___ 
22. In the arrangement shown in the figure, the 
ends Pand Qof an unstretchable string move (a) 6 N 
downward with a uniform speed u. Pulleys A (b) 60 N 


and B are fixed. The mass m moves with a 


(c) more than 6 N but less than 60 N 


speed à [NSEP 02-03] (d) more than 60 N 
! B 27. An external horizontal force P acts on a block 
(+) (E: (+) placed on a rough horizontal surface. The 
Q force of friction between them is f. Which of 
P Q the following graphs represents the reaction 
Ea between P and f correctly? [NSEP 03-04] 
(a) 2u cos 0 (b) ucos 8 
u u 
Cc d 
© cos 6 (a) cosé 


23. Which of the following v-t graphs shows a 


realistic situation? 
v 
(a) os (b) 
f 
v 
(c) Py (d) 
DA 


i: 


a 
iz 


28. 


f 
(a) - 
P 
f 
(c) 
P 
An elastic spring of unstretched length L and 
force constant k is stretched by a small 


amount x. It is further stretched by another 
small length y. The work done in the second 


f 
(b) 
P 
f 
(d) 
P 


24.A particle moves rectilinearly. Its “ASU 
displacement x as time t is given by Suretching 1S i [NSEP 03-04] 
x? =at? +b. Its acceleration at time t is (a) = ky” 0); k(x? + y?) 


roportional to [NSEP 03-04] 1 
ay 1 4 (c) = k(x + yf (d) 1 ky(2x + y) 
(a) -7 (b) ies E 2 2 
x3 xX x 
O g (d) None of these 29. The resultant of two vectors A and B is 


25. An object is suspended from a spring balance 


in a lift. The reading is 240 N when the lift is at 
rest. If the spring balance reading now 


changes to 220 N, then the lift is moving 
[NSEP 03-04]] 


perpendicular to vector A and its magnitude 
is equal to half of the magnitude of vector B. 
Then, the angle between A and Bis 

SEP 04- 
aao N 4-05] 
(c) 150° 


(b) 45° 
(d) 120° 
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30. A monkey of mass 20 kg rides on a 40 kg 


trolley moving at a constant speed of 8 m/s 
along a horizontal track. Frictional force can 
be neglected. If the monkey jumps vertically, 
with respect to the moving trolley, to catch 
the overhanging branch of tree, the speed of 


35. 
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Two identical springs of force constant k are 
connected (a) in series, (b) in parallel and 
support a mass m. The ratio of the period of 
oscillations of the series arrangement with 
that of the parallel arrangement is 

[NSEP 04-05] 


the trolley after the monkey has jumped off is (a)1:1 (b) 1:2 
[NSEP 04-05] (c) 1:4 (d) 2:1 
-1 S 
yae we (b) 12ms™ 36. The length of an elastic string is a when the 
(Sas (d) 6 ms“ tension is 4 N and is b when the tension is 5 N. 


The length when the tension is 9 N is 


31. If the momentum of a body increases by 20%, 
then the increase in its kinetic energy is [NSEP 04-05] 
[NSEP 04-05] (a)a+b (b) 4a+5b 
(a) 40% (b) 44% (c) Sb - 4a (d) 9b - 9a 
pate (d) 56% 37. Four rods each of length Ihave been hinged to 


32. 


33. 


A car travelling at 36 km/h due North turns 
West in 5 s under constant acceleration and 
maintains the same speed. The acceleration 
of the car is [NSEP 04-05] 
(a) 2/2 ms~* South-West 

(b) 10 ms~? North-East 

(c) 2/2 ms~ South-East 

(d) 5 ms~? North-West 


A lift whose cage is 3m high is moving up with 
an acceleration of 2 ms~. A piece of stone is 
dropped from the top of the cage of the lift 
when its velocity is 8 ms~!. If g = 10 ms~’, then 


the stone will reach the floor of the lift after 
[NSEP 04-05] 


form a rhombus. Vertex A is fixed to a rigid 
support, vertex C being pulled to the right 
along X axis with a uniform speed vas shown. 
The speed at which vertex B moves at the 
moment the rhombus takes the shape of a 
square is [NSEP 04-05] 


(a) 0.7 s (b) 0.5 s (a)v/ 4 (b) v / 2 
(c) 0.4 s (d) 0.3 s ()v/ v2 (d) v 
34. A block is placed on a rough plane whose 38, A particle moves with uniform acceleration 


inclination to the horizontal (6) can be varied. 
The angle of repose is 30°. The graph that 
correctly indicates the variation of the 
frictional force (f)between the block and the 
plane with 6 is 


f f 
(a) ke (b) 39 
6 6 
30° 60° 90° 30° 60° 90° 


and v,,¥, and v} represents the average 
velocities in three successive intervals of time 
ti» t2 and t} respectively, then [NSEP 05-06] 
(a) v + V>)/ (vo + V3) = (t - th)/ (ty = t3) 

(b) Vy = V2)/ v = V3) = (t + to)/ (ty + t3) 

(c) (Vy - v2)/ V - V3) = (ty - t2)/ (t - &) 

(d) (vi + V2)/ Vz + V3) = (ty + t)/ (ty + t3) 


A particle is subjected to two equal forces 

along two different direction. If one of them is 

halved, the angle which the resultant makes 

with the other is also halved. The angle 

between the forces is [NSEP 05-06] 
(b) 60° 

(d) 120° 


f f (a) 45° 
(c) 90° 
(c) (d) 40. A body is projected at an angle of projection 9, 
with kinetic energy E. Neglecting air friction, 
‘ 8 the kinetic energy at the highest point is 
30°60° 90° 30° 60° 90° [NSEP 05-06] 
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Al. 


42. 


43. 


44. 


45. 


46. 


(a) zero 
(c) Ecos 0 


bE 
(d) Ecos? 0 


A particle moving along a straight line travels 
one third of the total distance with a speed of 
3.0 m/s. The remaining distance is covered 
with a speed of 4.0 m/s for half the time and 
5.0 m/s for the other half of the time. The 
average speed during the motion is 
INSEP 06-07] 

(a) 4.0 m/s (b) 6.0 m/s 

(c) 3.8 m/s (d) 2.4 m/s 


A boy throws a table tennis ball of mass 20 g 
upwards with a velocity of Uy = 10 m/s at an 
angle 0p with the vertical. The wind imparts a 
horizontal force of 0.08 N, so that the ball 
returns to the starting point. Then, the angle 


0o must be such that, tan 0) is _ [NSEP 06-07] 
(a) 0.2 (b) 0.4 
(c) 2.5 (d) 1.2 


A cannon ball has a range R on a horizontal 
plane, such that the corresponding possible 
maximum heights reached are H) and Hp. 
Then, the correct expression for R is 


[NSEP 06-07] 
(a) (H, + H,)/ 2 (b) (HH) ”? 
(c) 2(H, Hp)? (d) 4(H, Hy) ¥? 


A windmill converts wind energy into 
electrical energy. If v is the wind speed, 
electrical power output is proportional to 

(a) v (b) v? 

(c) v3 (a) v4 

Vectors a and b include an angle 6 between 
them. If (a+b) and (a-b) respectively 
subtend angles a and f with a, then 
(tan a + tanB)is [NSEP 08-09] 
(a) (ab sin 6)/ (a? + b? cos? 0) 


(b) (2ab sin 0)/ (a? - b? cos? 0) 
(c) (aè sin? 0)/ (a? + b? cos? 0) 
(d) (b? sin? 0)/ (a? - b? cos? 0) 


Acceleration-time graph of particle moving 
along X-axis is as shown. The particle will have 


the velocity same as its initial velocity at 
[NSEP 08-09] 


a(ms~?) 


t(s) 


47. 


48. 


49. 


50. 


63 


(a) 10s (b) (10 + V3) 
(c) (10 + 5V3)s (d) (10 + 2V3)8 


A block of mass m is placed on an inclined 
plane with angle of inclination 0. Let N, f, and 
F respectively represent the normal reaction, 
limiting force of friction and the net force 
down the inclined plane. Let p be the 
coefficient of friction. The dependence of N, 
f, and F on Ois indicated by plotting graphs as 
shown below. Then curves (1), (2) and (3) 
respectively represent [NSEP 08-09] 


0 


(a) N, F and f; (b) F, f, and N 
(c) F, N and f; (d) f,, N and F 


A block of weight 200 N is at rest on a rough 
inclined plane of inclination angle 9 = 30°. The 
inclined plane is at rest in the earth’s inertial 
frame. Then the magnitude of the force the 


plane exerts on the block is [INPhO 09] 
(a) 100/3 N (b) 100 N 

(c) 200 N ' (d) zero 

A particle of mass 1 kg is taken along the path 


ABCDE from A to E (see figure). The two 
“hills” are of heights 50 m and 100 m and the 
horizontal distance AE is 20 m while the path 
length is 400 m. The coefficient of friction of 
the surface is 0.1. Take g=10 ms™? and 
V3 =173. The minimum work on the mass 
required to accomplish this is [INPhO 09] 


A E 
(a) 20 J (b) 173 J 
(c) 400 J (d) 0 J 
A uniform rope of length Land mass M partly 


lies on a horizontal table and partly hangs 
from the edge of the table. If u is the 
coefficient of friction between the rope and 
the surface of the table (neglecting the 
friction at the edge), the maximum fraction of 
the length of the rope that overhangs from 
the edge of the table without sliding down is 

[INSEP 09] 
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51. 


52. 


53. 


(a 12 b) —— 
n+l 
(1-p a — 
+l 


A small glass bead of mass m initially ar rest 
starts from a point at height h above the 
horizontal and rolls down the inclined plane 
AB as shown. Then, it rises along the inclined 
plane BC. Assuming no loss of energy, the 
time period of oscillation of the glass bead is 

[NSEP 09-10] 

A (0 


h 81 02 


(a) f (sin 6, + sin 0) 
1 
me a 8; * Sin 3 


fe Br T sin F 


(d) 1 1 
= sin 6, * sin 6, 


Three forces start acting simultancy on a 
particle moving with velocity v. These forces 
are represented in magnitude and direction 
by the three sides of a triangle ABC as shown 
in the figure. The particle will now move with 
velocity 


C 


A B 


(a) greater than v 

(b) ivl in the direction of the largest force BC 
(c) v, remaining unchanged 

(d) less than v 


A lift is moving downwards with an 
acceleration equal to acceleration due to 
gravity. A body of mass m kept on the floor of 
the lift is pulled horizontally. If the coefficient 
of friction is » , then the frictional resistance 


offered by the body is 
(a) mg b) umg 
(c) 2 umg (d) zero 
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54. A particle of mass m is moving in a circular 


55. 


path of constant radius r such that its 
centripetal acceleration a, is varying with 
time tas a, = Krt?, where kis a constant. The 
power delivered to the particle by the force 
acting on it is 


(a) 2nmKr’t (b) mk’r’t 
42,2 
(c) a (d) zero 
If W, W and W represent the work done in 


moving a particle from A to B along three 
different paths 1, 2 and 3 respectively 
(as shown) in the gravitational field of a point 
mass m, find the correct relation between 
W, W and W. 

B 


A 
(a) W >W, >W 
(© W <W < W 


b) W =W, = W% 
(d) W >W >W 


More than One Correct Options 


56. 


57. 


58. 


Four forces act on a point object. The object 

will be in equilibrium, if [NSEP 00-01] 

(a) all of them are in the same plane 

(b) they are opposite to each other in pair 

(c) the sum of x,y and z components is zero 
separately 

(d) they form a closed figure of 4 sides 


A particle of mass m is projected with a 
velocity v making an angle of 45° with the 
horizontal. The magnitude of the angular 
momentum of the projectile about the point 
of projection when the particle is at its 


maximum height h is [NSEP 00-01] 
(a) zero (b) mv3/ (42g) 
(c) mv3/ W29) (d) my2gh3 


The displacement x of a particle moving along 
a straight line, at time t is given by 


x =F -e™!) where a and b are real and 


positive constants. Therefore [NSEP 01-02] 

(a) att = 1 / b the displacement of the particle 
is nearly 2a/ 3b 

(b) the velocity and acceleration of the 
particle at t = Oare a and (-ab) respectively 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Particle Mechanics 


59. 


60. 


61. 


62. 


(c) the particle cannot reach a point at a 
distance x from its starting point if 
x'>a/b 


(d) the particle will return to its starting point 
as t > œ 


The distances covered by a freely falling body 

in its first, second, third,...n' seconds of its 

motion 

(a) forms an arithmetic progression 

(b) form a series corresponding to the squares 
of the first n natural numbers 

(c) do not form any well defined series 

(d) forms a series corresponding to the 
difference of the squares of the successive 
natural numbers 


Two springs P and Q have force constants k, 

and k such that k >k. The work done in 

stretching the two springs is [NSEP 02-03] 

(a) more for spring P than for spring Q when 
they are stretched by the same force 

(b) more for spring P than for spring Q when 
they are stretched by the same amount. 

(c) more for spring P than for spring Q when 
they are stretched by the same amount but 
more for spring Qwhen they are stretched 
by the same force 

(d) more for spring Q than for spring P when 
they are stretched by the same amount but 
more for spring P when they are stretched 
by the same force 

For a curved track of radius R, banked at angleé 

[NSEP 02-03] 

(aja vehicle moving with a speed 
v= JRgtané is able to negotiate the 
curve without calling friction into play at 
all 

(b) a vehicle moving with any speed v > Vo Is 
able to negotiate the curve with friction 
called into play 


(c) a vehicle moving with any speed V<Vo 
have the force of friction into 


must also 
z m value of th Je of banking 
ini of the ang 
(d) the minimum value iret 


for a vehicle parked on the banke 
can stay there without slipping, is given by 


g=tan'p, (ms = coefficient of static 


friction) 
Two particles are p 
initial velocity Vo, at 
projection 6, and 6,, su 
the same. The ratio of t 


rojected with the same 
two different angles of 
ch that their ranges are 
heir heights reached is 

[NSEP 03-04] 


63. 


64. 


65. 


66. 


67. 


65 


(a) tan? 6, (b) cot? 6, 
(c)sin2@, cosec?@, (d) sec”, cos” 8, 


The motion of a body is given by the equation 

dv(t)/ dt = 6.0 - 3v(t)where v(t)is the speed in 

m/s and t is time in second. If the body was at 

rest att =0 [NSEP 04-05] 

(a) the terminal speed is 2.0 m/s 

(b) the magnitude of the initial acceleration is 
6.0 m/s? 

(c) the speed varies 
y(t)=20 -e*) m/s 

(d) the speed is 1.0 m/s when the acceleration 
is half the initial value 


A particle free to move along the X-axis has 

potential energy given by U(x)=k[1- exp 

(-x2)] for <x < +œ, where k is a positive 

constant of appropriate dimensions. Then, 

[NSEP 04-05] 

(a) at point away from the origin, the particle 
is in unstable equilibrium 

(b) for any finite non zero value ofx,thereisa 
force directed away from the origin 

(©) if its total mechanical energy is k / 2, it has 
its minimum kinetic energy at the origin 

(d) for small displacement from x =0, the 
motion is simple harmonic 


Let v(t) be the velocity of a particle at time t. 

Then, [NSEP 05-06] 

(a) [av(t)/ dt]and d | v(t)|/dt are always equal 

(b) dv | (t)|/dt and d |v(t)|/dt may be equal 

(c) d|v(t)|/dt can be zero while |dv(t)/ dt| is 
not zero 

(d) d|v(t)|/dt + 0 implies | dv(t)/ dt|# 0 


A monkey holds a light rope that passes over 

a smooth pulley. A bunch of bananas of equal 

mass as that of the monkey is attached to the 

other end of the rope. The monkey starts 

climbing the rope to get to the bananas. 

Then, [NSEP 06-07] 

(a) the bananas also move up 

(b) the bananas move downwards 

(c) the distance between the monkey and the 
bananas decreases 

(d) the distance between the monkey and the 
bananas remains constant 


with time as 


A particle of mass m moves along a straight 

line under the action of a force f varying with 
2 

time as f = of - (+) | where fy and T are 


positive constants. [NSEP 09-10] 
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68. 


69. 


70. 


(a) The speed of the particle after a time 2T is 
fol 
3m 

(b) After time interval of 3T, the particle starts 
moving backwards 

(c) Between time instants 0 and 2T, the 
acceleration first increases and then 
decreases 

(d) The particle stops at t = 3T 


Physical quantities A and B have the same 
dimensions. Then, [NSEP 08-09] 
(a) A+B must be a meaningful physical 
quantity 
(b) A+ B may not be meaningful physical 
quantity 
(c) A /B must be a dimensionless quantity 
(d) both must be either scalar or vector 
quantities 
A particle moves in a straight line under the 
action of a constant force. Then, the graph of 
power developed by the force against 
[NSEP 09-10] 
(a) time is a straight line 
(b) time is a parabola 
(c) displacement is a straight line 
(d) displacement is a parabola 
A particle is acted upon by a force of constant 
magnitude, which is always perpendicular to 
the velocity of the particle. The motion of the 
particle takes place in a plane. If follows that 


(a) its velocity is constant 

(b) its acceleration is constant 
(c) its kinetic energy is constant 
(d) it moves in a circular path 


Exercise (Level-2) 


1. 


On a cricket field a rabbit is at the origin of 
coordinate system and a dog at the position 
(46 m, 28 m). The rabbit runs on the ground 
with a constant velocity (7.5 i+ 10 j) m/s. The 
dog can run with a speed 5 m/s. If the dog 
starts to run immediately the rabbit starts, 
what is the minimum time in which the dog 
could catch the rabbit? 


. A particle starts from rest with zero initial 


acceleration. The acceleration increases 
uniformly with time. Find the time average of 
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velocity upto a certain instant when the 
velocity becomes v. 


. A particle moves along a straight line such 


that its displacement x from a fixed point on 
the line at time tis given by 
x? = at? +2bt+c 


Find acceleration as a function of 


displacement x. 


. A particles moves along the x-axis. The 


velocity of the particle as a function of x is 
given by 

yê = 12x - 3x3, 
If f be the instantaneous acceleration, 
express velocity as a function of f. 


. A particle is projected with an initial speed u 


from a point at height h above the horizontal 
plane as shown in the figure. Find the 
maximum range on the horizontal plane. 


. A disc revolves with a speed of 33 5 rev min}, 


and has a radius of 15 cm. Two coins are 
placed at 4 cm and 14 cm away from the 
centre of the disc. If the coefficient of friction 
between the coins on the disc is 0.15, which of 
the two coins will revolve with the disc? 


. A 70 kg man stands in contact against the wall 


of a cylindrical drum of radius 3m rotating 
about its vertical axis. The coefficient of 
friction between the wall and his clothing is 
0.15. What is the minimum rotational speed 
of the cylinder to enable the man to remain 
stuck to the wall (without falling) when the 
floor is suddenly removed? 


. A body of mass M= 9.8kg with a small disc of 


mass m =02 kg placed on its horizontal 
surface ab, rests on a smooth horizontal 
plane, as shown in figure given below. The 
disc can move freely along the smooth groove 
abcof mass M. To what height (relative to the 
initial position) will the disc rise after 
separating from the body of mass M, when 
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10. 


11. 


12. 


13. 


14. 


initial velocity v = 5 ms} 
horizontal direction? 


is given to it the 


m 


@— 


a 


. A ball of mass m is dropped from a height h 


on a platform fixed at the top of a vertical 
spring. The platform is depressed by a 
distance x. What is the spring constant k? 


An aircraft is flying at a height of 3400 m 
above the ground. If the angle subtended at a 
ground observation point by the aircraft 
positions 10 s apart is 30°, what is the speed 
of the aircraft? 


A cyclist is riding with a speed of 27 kmh™!. As 
the approaches a circular turn on the road of 
radius 80 m, he applies brakes and reduces 
his speed at the constant rate 0.5 ms~2. What 
is the magnitude and direction of the net 
acceleration of the cyclist on the circular 
turn? 


A body travelling with uniform acceleration 
covers a distance 6 m in first 2s and 24 min 
next 4 s of its journey. Find the velocity of the 
body of the end of 8 s from the beging. 


A train of mass m travelling with a constant 
power P is observed to attain a speed vy ata 
certain instant of time. The air resistance to 
the train is proportional to its velocity (kv) 
Find the time taken and the distance travelled 
by the train to double the speed. Assume that 
any other friction is negligible. [INPhO 02] 


An amusement park ride consists of a large 
vertical cylinder that spins about its axis fast 
enough that any person inside is held up 
against the wall when the platform is 
removed. The coefficient of static friction 
between the wall and the person is 0.3 and 
radius of the cylinder is 5.0 m. Find the 
maximum period of revolution necessary to 
prevent the person from falling. How many 
revolutions per minute does the cylinder 
perform? [INPhO 02] 


15. 


16. 


17. 


18. 


19. 


20. 


67 


A particles starts from point A, moves along a 
straight line path with an acceleration given 
by a =p - qx where p, q are constants and xis 
distance from point A. The particle stops at 
point B. Find the maximum velocity of the 
particle and the distance AB. [INPhO 04] 


A particle of mass mis projected horizontally 
with a velocity Vp along the inner surface of a 
smooth hemispherical shell of radius R at its 
rim. The particle moves along the inner 
surface of the sphere. Find the horizontal and 
the vertical components of velocity of the 
particle when it has descended a vertical 
distance R/2. [INPhO 04] 


A horizontal force of magnitude F is applied 
to a body of weight mg resting on a 
frictionless inclined plane to prevent it from 
sliding down. The plane makes an angle of » 
with the horizontal. Then the find normal 
reaction acting on the body. [NSEP 04-05] 


A car leaves point A for point B 
every 10 min. The distance between A and Bis 
60 km. The car travels at a speed of 60 km/h. 
Determine graphically only, the number of 
cars that a man driving from B to A will meet 
in route, if he starts from B simultaneously 
with one of the cars leaving A. The car from B 
travels with a speed of 60 km/h. [INPhO 07] 


A mason lays four bricks to make an arch so 
that a portion of each brick protrudes over the 
one below. Determine the maximum lengths 
of the overhanging parts when the bricks are 
still in equilibrium without mortar. The length 
of each brick is 1. [NIPhO 07] 


A block of mass m is placed on a smooth 
horizontal surface. A force making an angle 6 
with the horizontal starts acting on the block. 
The magnitude of the force is constant but its 
direction with the horizontal changes as 
0 =a + bs, where aand bare constants and sis 
the distance covered by the block. If 
|F| =2 mb, find the velocity of the block as a 
function of the angle 6. [NIPhO 07] 
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Solutions 


Exercise (Level-1) ; q -Loe 
P TO ll 
1. (O KE =a and q, = Luin & _ 2ucos 0, 
p? 2 g g 
> KE'= 5 7 4KE [- p'= 2p] l mn _ 4° sine cos®; _ 2R 
AKE = 3KE = 300% of KE ý dia g g 
2. (c) As 200 N force is required to push the car ~ NÆR 
with constant speed, opposing force must ae ee ee 
be 200 N, ie., f = 200N 6. (b) S= Sati = 5 ale 
a= Bef 2 
m 5 CH (2) 
_ 500-200 _ ogg? a \h 
500 g(sin 45° — up cos 45°) _ m 
3. (d) F=2t ü gsin 45° 7 
Poa =ť? (p = momentum) l 
u >p= p=mo > u,=1-—>5 
m 
Work done = change in KE = La 7. (c) Angular velocity is minimum at the 
2m highest point. 
4 
a = At the highest point 
2 
macR = 
att=4s ia j 
W =128J eis: (2 
R 
4. (a) Let v be the maximum velocity and t, be 60 500 
the time taken to acquire maximum Tpm = — o= | > g 
velocity, then an n°R 
Veal =>h=~ (i) 8. (c) v=u-gt 
aK ldm 
Also 9. (b) P= oa v? (K = kinetic energy) 
0O=v- (t -t ) 
B y 1 g = re 3 
> pyn (ii) í 
=5 x 103 x (5 x 50) x (2 = 108 W= 1.0 MW 
Adding Eqs. (i) and (ii) 
8 10. (d) R; = F + F, R; =F, -F 
a p If a be the angle between R, and R,, then 
> v= aß t cosa = Ri: R3 
a+ß RR 
à . Fè _ Fe 
5. (b) If @, and 6, be two angles of projection, = E 
then R+ F 
0, + @ =3 but K=p 
> cosa = Oanda = 90° 
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Particle Mechanics 69 
Alternate Method 16. (b) Let the train accelerates for time t4, since 
: ; i d retards 
Two equal forces may represent adjacent ee eee 
represent two penal aa Tat Sp Sand respectively be the 
and diagonals of rhombus are always distance travelled in these three intervals, 
perpendicular to each other. ee j 
11. (d) As the total change in velocity is zero. 5) = 2 att, le 
Acceleration must be positive for some ii 
time and negative for remaining time. a 1 ii 
12. (a) Time taken by each drop of water is equal. and 53 = VQ -7 Bt 


13. (a) Let the second stone crosses first stone at 


* = =Bt 
a distance x from the top, then Also 1 vere = 
For first stone Š S= a” ti 
1l i 
x= Fat + ny (i) G =Vty 
and for second stone S3 = 5y t 
l 2 si 
x=ul+ gt .. (ii) > 2S) ,2 , 23 


From Eas. (i) and (ii) j 
1 1 8 whe hts A 
zat + ny =ut+5gt elas 
2 2 2 
gn v y 
a S, =—and S = — 
i 2u- gn) | =a ane 3 
gr T 80 
n( 2" -u 1% WA i 
ree! _\2 ( ) a ain 
a Sore Vx, =ucos 0 = 80/3 ms~! 
i T 
14. (a) Let 9 be the maximum angle of radius Vy =usin8 -gt = 80-107 


vector of insect, made with the vertical, -Aici een 
ches Simmer be teansimatrenoss Lês =80-40=40ms”~ (¢.T=16s) 


i és v= v3 +v? ~140ms" 


LA 18. (c) 
rd 
~~ NE = h 19. (c) Two different physical quantities can 
__ oC» never be added or subtracted. 
tan@=p== 20. (b) T -4mg = 4ma 
n 3 T =4m@ +a) 
=> cosd= =n = 
are an = 
JIO -3 =42N P 
h= RQ -cos 0) = R =5% of R 
= V10 21. (d) v? œ $ 
15. (a) By conservation Kar 22. (d) Let v be the speed of the block, then 
mgh = > kx? u =vcos® 
u 
kx? = v=— 
i Pepe cos 0 
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70 
23. (c) A body cannot have two velocities at a Q 
given instant of time. B 
24. (a) Given R AR 
xè =at? +b Q A PpP 
= 2x a =2at 30. (c) Horizontal momentum remains same. 
2 2 
- adil 31. b) K=2,k'=2 =144K 
= š av i ax _ 4 2m 2m 
dt = dt (p'= 12p] 
-. Acceleration, AK = K'-K = 0.44 K = 44% of K 
a- 32. (a) v; =36j km/h =10j ms“! 


x 
N Y 


_ ax? -at?) _ ab 
E 3 | 
Ww E x 


25. (c) As the reading is decreasing, lift must be 
acceleration downwards. 


26. (c) FBD of box is shown below s 
N a z 
Tsin 6 T v,=-10ims 
P — “V2 —-V,=-10i-10j 
a= Ye=™1 EY 
mg a = 2/2 ms~ south-west 
From the FBD 
33. ae . r _ 
a a 0 (a) Initial velocity of stone wrt lift, u = 0 
N+Tsine=mg Acceleration of stone wrt lift 
2 
5 N=mg-Tsine ii) a 
ond f -uN -Using S = ut + zat 
T cos 8 - ma = (mg -T sin 8) 1 
_ mug+a) — 18 3= 5 x120? 
~cosé+psine 3+ 01 = t=075 
6N <T < 60N. 34. (b) f = mgsin 8 for 6 <30° 
27. (b) umg cos 9 for @ >30° 
28. (d) W = Skog - x?) 35. (d) For series combination 
„kk _k 
=5kl(x + y) 2x2] as ia 
1l A R 
= 5 hy (x+y) a T, = 2n EL, 
| kk 
29. (c) Situation is shown is figure Sm 
As 0Q = i PQ ENTE 
0 = 30° For paralled combination 
180°- 0 = 150° ky =k + ky 
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T =2n ~- m man f” 
R Vk, +k, 2k 
Ts 22 
Tp 


36. (c) Let L be the natural length of the string 
and k be {ts force constant, then 


u = ka -= L) wl) 
and S=kb - L) (Hi) 
On solving 

L=5a~4bandk=—!_ 
b-a 
Let c be the length of string when tension 
is 9 N, then 

kc -L)=9 

= C= 9 +L 
k 


= c=9(b-a)+ 5a - 4b =5b - 4a 


37. (c) Let vg be the velocity of point B at any 
instant in the direction as shown in figure. 


Vg COS $= vcosé (i) 


Vp COS(> + 0)= > wif) 


when the rhombus will take the shape of 
the square, 

@= 45° 

= 0° and vg =~ 


V2 


38. (b) Let the particle starts from point O, 
reaches point A in time t}, travels from A 
to Bin time t, and from B to C in time t}. 


Let a be the acceleration of the particle 
and Vo,V,4,Vg and Vc velocities of particle 
at O, A, B and C respectively. Then 
V4 =Vo+ at (i) 
Vg =V4 + aly (ii) 


71 
Vo = Va + al, (iii) 
Also vy, = YOT YÄ a 
2 
qoyat 
and V3 = “a= we , 
On solving 


(vi - V2): Vz - V3) = (G + t2): (tz + t3) 


39. (d) The situation is shown in figure below R’ 
vector is median of triangle at B draw O. 


As R’ bisects ZQOP, triangle OPQ must be 
equilateral 


6=120° 


A P 
40. (d) Let u be the initial velocity, then 


E= 1 m2 
2 


At the highest point 


v=ucosé 


E’ = 5 mv? = Ecos? 


41. (c) Let v’ be the velocity for last two-third 


distance, then 
vin at Vy 


~<. Average velocity for entire distance 
<V>= s S 


e a 
i+ S, s 
3v; (25%) 


2 
dep E TA 
v vty 3 9 
= 27 .38ms"! 
7 


42. (b) We have, 
Ux = Ug SİN Bo, 
Uy = Up COS Oy 
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0.08 =) -2 
a =-=- = sages 
x 0.02 4ms“,a, =-g=-10ms 
Y 
Up 
9 
x 
1 
X=u,t+ zat 
= ugsin Oy t - 2t? (i) 
L- 
and y=uyt+ z% 
= Up COS Og t - 5t? fii) 
If the ball reaches the point of projection 
again, then 
x=0,y=0 
On solving 
tan 6, = 0.4 
Cis 
a. ei e 
_ usin® o 
iad 2g , 
H= u? cos? 0 
2g 
u?sinocoso Y 
ray (ienee) 
u sin20 
= ag 
RY 
=> H,H, = (3) 
= R = 4,/H, H 
aK 1 dm 2 
44. (c) Pane G dt 
[K = kinetic energy] 
1 1 
= == Av? 
> (pAv? 5P 
Pav 
bsin 0 
45. (b) tana a + bcos® 
bsin 0 
and tanB = 7 bcos0 
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bsin 9 bsin 0 
——— + ——— 
a+bcos@ a-bcos®@ 


bsin 0(a— bcos 90 + a+ bcos6) 
= @ -b cos? 0 
2absin 0 
T @ -b cos? 6 
46. (c) Change in velocity is zero when area under 
a - t graph is zero i.e., 


tana + tanB = 


500+ 5)ag + 5 -10)a=0 E 
a-0 0-4 
Ao F730 10-5 
> a=- t-10) (i) 


From Eas. (i) and (ii) 


15 ay - 2 (¢ - 10)? = 0 


75 -t? + 20t -100=0 
t? -20t + 25=0 


na 20 + V400 -100 
2 


= (10+ 5V3)s 
47. (c) N = mgcos ð 
fı = uN 
F=mgcos0-f 


48. (c) As block is at rest net force acting on the 
block must be zero. 


(-t>10) 


49. (a) W =u mgL = 0.1 x1 x10 x20 = 20J 


(Work done against friction depend only 
on the horizontal distance.) 


50. (b) For equilibrium, 


Weight of hanging portion = Frictional 
force on portion lying on table 


m m 
— lg =p — (L - 
L9 nz Ig 


=> 


51. (c) Time taken by the bead to reach B, 


TA 2h 
l V2sin2 
sinf 0, 
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Time taken by the bead to reach maximum 
height on BC, 


i 2h 
2 > 
g sin“ 6, 


~. Time period, T = 2(t + b) 


sen a p I 
g \sin® sine 
52. (c) As three forces are forming a closed loop, 


net force is zero, hence velocity will 
remain unchanged. 


53. (d) N=m@-a)=0 
f=uN=0 


Hence no force is required to drag the 
block. j 


54. ba =F -Rre 


Kinetic energy, 
K = 1 my? = sme? 
P=“ =mkrt 


55. (b) Gravitational force is a conservative force 
and work done by conservative force does 
not depend on path. 


56. (c, d) 
57. (b, d) At the highest point, 
Angular momentum about point of projection 


aN 


L=mvcoseh=—-nwh 


V2 


But h= = — 


Also v=4gh 
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Velocity 
y= dx sad eht 
dt 
Acceleration A = a abe”! 
At t=0 
v =a, A = -ab 
Also x af 
max b 
At t=0,x=0 
59. (a, d) 
Dy =5ir - n-1)?] 
= 4 (2n-1) 
2 
60. (b, c) TTE oF 
, 2k 
61. (a, b, c, d) 
62. (a, b, c, d) For same range 
T 
0 +0 = 
1t% 7 
RE 
g = Eno 
2g 
2 a2 
H, = cathe Se 
2g 
H, sin? 
-= ei ® = sin? 8, cosec*6, 
H, sin 6, 
H, _ cos*6, 
Also = =" “2 ~ sec? gcos? 
H, cos*6, SFOS, 


63. 


av dv 
(ab, c) — =6- _ 
at sided 3 dt 


v av t 
> K a a 
2-v 
> -ln =3t 
2 
v=20-e%) 
At t=0,a=6ms~2 


Vmax = 2 ms*} 


74 


a= dv = 6e% 
dt 
Acceleration is half the maximum value 
ie., 3 ms 
Att=}1n2s 
2 


At this instant, 


v=30 -e7 "?)= 2 ms" 


64. (a, b, d) 
U&)=k[1l -exp(-x?)] (i) 


F=- = -2kxlexp (-x2)] vail) 
dx 


At C=to 


Hence, particle is in unstable equilibrium. 
From Eq. (ii), force is directed away from 
origin. 

65. (b, c) . 


66. (a, d) FBD of monkey and bunch of bananas 
are shown below 


monkey bunch 
mg mg 


As equal force is acting on both and 
both have equal mass, hence both will 
have same acceleration and in same 
direction. 


67. (a, b, c, d) 
rji (7) 


f= for? -r?-P+2re] 
T 


Now put values of t and find u and a. 
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68. (b, c) Two different quantities may have same 
dimensions. 


69. (a, d) P= Fv 
but y =u + at = Vu? + 2as 
P = F(u + at)= FVu? + 2as 


70. (a, d) If the force has constant magnitude and 
acts perpendicular to velocity, it 
provides centripetal force. 


Exercise (Level-2) 
1. Let the velocity of dog, 
Vy = ar bj 


where a+b? =5*% =25 
Va = @-75)i+ b- 10)j 
X =Var,t = @-75)t 
a= $ +75 wi) 
Similarly, 
Y = Var, t= (b-10)t 
b= = +10 (ii) 
But @ +b =25 
2 2 
=> (4 +75] + (2 +10) =25 
On solving, 
t=4s,5.25s 


.. Minimum time = 4s 


2. Given a = kt where k = constant 


dv 
——~ ane 
at 
vat ke 
2 
s=1+Ke3 
6 
Average velocity = $ = L kt? = ¥ 
g y t 6 3 
3. Given, 
x? =at? + 2bt+c (i) 
2x ÈX = 2at + 2b = 2lat + b) 
dt 
=> xE oat +b 
dt 
2 dv 
=> v+x-=a 
dt 
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2 
ey dv „a-v 
dt X 
dv | 


(ll) 


From Eq. (1) 
t b+ yb? -ac - x2) 
a 
> (p + al) = Jè - alc - x’ x’) 


Substituting this value in Eq. (1) we get 


dv _ ac -b° 
‘dt x3 
4, v? = 12x - 3x2 (i) 
= av & = (12 - 9x?)v 
=> 2f =12 - 9x? 
3 x? = 12-2f (ii) 
9 


From Eq.(i) 
= (12x -3x3)4 = 9x2(4 - x?) 


Vv 
= a2 -2p|a - (1252) 


- v= 318 -fya2+ rfr 


5. Let @ be the angle of projection, then 
= (ucosé)t (i) 


and -n+ 5 gt? = (usino)t (Li) 
From Eqs.(i) and (if) 
G 2 © 
R? + (5° - h) = ut? 
> “9 244 _ gh + ueyt? + (R? + h?)=0 


For maximum range t’should be unique, 
uyu? + 2gh 


Rmax = g 


6. Limiting friction, 

f =umg=15 mN i) 

Friction is the only force to provide 
centripetel force, 


For first coin 


2 
=man 
Fo, i 


75 
o= 100 rpm 100 x 2n 
3 3 60 
= 3.5 rad/s 
F =m x (3.5)? x 0.04 = 0.49 mN. 
For second coin 
F., =m x (35)° x 0.14 = 1.72 mN. 
Here Fi, <fi< Fe, 
Hence, first coin will rotate with the disc. 
7. FBD of man is shown in —— 
figure f 
f=mg N 
and N =morr mg 
Also f=nN a 


mg = morr 


w= |2 =| 9.8 = 4.65 rad/s 
ur 0.15 x 3 


. Let v, be the combined speed of system, then 
mv = (m + M)v, 


œ 


vy, = 


m+M 


By a of energy 


l in? = 5 (m+ Myvi + mgh 


2 
2 
elie m vle 
m+M 2(m + M)g 


9. By conservation of energy 
mg (h + x)= she 


5 kx? - mgx - mgh = 0 


x = Mg + (mg? + 2kmgh 
k 


-78(14 TE 
k mg 


10. s=3400sin 15° Ax—— S—>B 


s _ 3400sin 15° 
T 10 

=340 sin 15° 3400 m 
= 87.76 ms"! 


y= 


11. Centripetal acceleration 
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a, = 05 ms~ 


«<. Net acceleration 


a= Ja +a 


= (07)? + (0.5)? = 0.86 ms~2 


12. By using 


S=ut+ at? 
2 
6=2u + 2a 


=> u+az=3 


and 6+24=u(2+u)+5a(2+ u) 


=> 30 = 6u + 18a 
=> _ u+3a=5 
On solving, 


2 


a=l1ms~’,u=2ms7! 


-. At the end of 8" s, 
v =u + a(8)=2 + 8=10ms"} 


13. We have 


Pafs FE 
yY 


Net force acting on the train 


ma = F-kv=2-kv 
y 


Power 


2 
b = ee fy at 


> -Pi fini P = K?) 1Y = [ty 
M in P - kvŝ 


=> = 


k E 


14. Same as question 7 


-E 


sax eatin 


= 2.55 rad/s 


n 
15.a=p-qx 
dv 
— B -gX 
at p-q 
dv 
v—=p- 
=> a p -qx 
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y? i ERE 
— = pX =—Gx 
= PK = 54 

y? = 2px — qx? 


For distance AB, v = 0 


0 = 2px -qx 
> x=0,x= 2p 
q 
For maximum velocity, a = 0 
aB 
z0) q 
go wa 
4 44 q 
p 
as => v= — 
(ii) Ja 


16. By conservation of energy 
Loss of PE = Gain in KE 
R)\_ 1.2 1.9 
ma(>) a 
By conservation of angular about given axis, 
MVR = (mv cos 6)r 
r = radius of circular path at a distance R/2. 


r= 43 
2 
=> vcosé= 2M 
3 
Vertical component, 
vsin = = vo 
17. FBD of body is ane below, 
F cos ọ 
mg sin > mg cos ġ 
mg Fsing 
coso + Fsing 


E 


18. The number of cars the man meet in his way is 
equal to number of point of intersections ie. 
13. 
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Distance from A (k 
gm) w(t - x) =2Wx 


:.The lengths of the overhanging edges of the 
bricks will be ; 5 t and u 


40 4 6 
30 
i 20. By Newton's second law of motion, 
y A 
O'10 2030405060 7080 90100 110120 130140 F 
(G 
19. Refer to the figure, weight of each brick lies A F cos 4 
half way along its length since the bricks are 
homogeneous. The first top brick will still be 
in equilibrium wrt the second one when its Fcos0=ma 
centre of gravity is above the edge of the 
l l 2mbcosta + bs) = m & 
second brick, i.e., 3° The centre of gravity of => cos(a + bs)= m d 
the first and i bricks taken together a av _ E T 
be at a distance A from the edge of the second dt 
i dv 
brick. This itself is the length by which the 5 v= 2bcos(a + bs) 


second brick may be overhanging wrt the 
third. The centre of gravity of three bricks lies 
on the line AC and its position can be 


14 s 
A J vdv = 2bĵ cos (a + bs)ds 
determined by using law of moments. 0 


0 
$ | 2 sin(a + aij 
=> — = oa maak 


2 r 0 
=> v? = u[sin (a + bs) - sin a] 
> v=2(sin0-sina¥? (v 0=a + bs) 
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Chapter 9 Mechanics of Rotational 
Motion 

From “ Understanding Physics “ 
Mechanics Part 2 

By D C Pandey Arihant ts included here 
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Elasticity 

Fluid Mechanics 
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Chapter (Contents 


9.1 Moment of Inertia 9.7 Combined Translational 
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9.3 Torque Rigid Body 

9.4 Rotation of a Rigid Body 9.8 Instantaneous Axis of Rotation 
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9.6 Conservation of Angular 9.11 Angular Impulse 
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2 — Mechanics-Il 


| EY Moment of Inertia 


Like the centre of mass, the moment of inertia is a property of an object that is related to its mass 
distribution, The moment of inertia (denoted by /)is an important quantity in the study of system of particles 
that are rotating . The role of the moment of inertia in the study of rotational motion is analogous to that of 
mass in the study of linear motion, Moment of inertia gives a measurement of the resistance ofa body to a 
change in its rotational motion, Ia body is at rest, the larger the moment of inertia ofa body, the more difficult 
it is to put that body into rotational motion, Similarly, the larger the moment of inertia of a body, the more 
difficult it is to stop its rotational motion, The moment of inertia is calculated about some axis (usually the 
rotational axis) and it depends on the mass as well as its distribution about that axis. 


Moment of Inertia of a Single Particle 
For a very simple case the moment of inertia of a single particle about an axis is given by, 


Fig. 9.1 
> . 
J=mr- . (i) 
Here, m is the mass of the particle and r its distance from the axis under consideration. 


Moment of Inertia of a System of Particles 
The moment of inertia of a system of particles about an axis is given by, 


n 
----0M 


n s 
l= z mpy (ii) 
where r; is the perpendicular distance from the axis to the ith particle, which has a mass m. 


Moment of Inertia of Rigid Bodies 


For a continuous mass distribution such as found in a rigid body, we replace the summation of 
Eq. (ii) by an integral. If the system is divided into infinitesimal elements of mass dm and if r is the 
distance from a mass element to the axis of rotation, the moment of inertia is, 


x 
l= f r dm 
where the integral is taken over the system, 
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CHAPTER 9 Mechanics of Rotational Motion 3 


Fig. 9.3 


Moment of Inertia of a Uniform Cylinder 
Let us find the moment of inertia of a uniform cylinder about an axis through its centre of mass and 


perpendicular to its base. Mass of the cylinder is M and radius is R. 
We first divide the cylinder into annular shells of width dr and length / as shown in figure. The moment of 


inertia of one of these shells is 


(a) (b) 
Fig. 9.4 
dI =r°dm=r° (p-aV) 
Here, p = density of cylinder 
and dV = volume of shell = 2nrl dr 
5 dI =2npl r? dr 
The cylinder’s moment of inertia is found by integrating this expression between 0 and R, 


So, I =2npl f Para Ae Rê , „.(ii) 
The density p of the cylinder is the mass divided by the volume. 
M . 
p= IR? ...(iv) 
From Eqs. (iii) and (iv), we have 
L=} MR? 
2 


Proceeding in the similar manner we can find the moment of inertia of certain rigid bodies about some 
given axis. Moments of inertia of several rigid bodies with symmetry are listed in Table. 9.1. 
In all cases except ( f )the rotational axis AA’ passes through the centre of mass. 
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Table 9.1 


(a) Very thin circular hoop 


(c) Uniform solid cylinder 
I=} MR ! 
2 


(e) Uniform thin rod 


(g) Very thin spherical shell 


1=2 MR 
3 


(i) Thin rectangular sheet A 
a+b? : 
12 


1=M 


(b) Uniform circular hoop 


A 
; P P 
1=M RÌ + Rå 
2 
A 
(d) Uniform solid sphere 
1=2 MR 
5 i 
A’ 
(f) Uniform thin rod A 
l 3 ' 
I=- MP F 
3 Aa 
a a 
A 
(h) Thin circular sheet 4 
1 2 
I =— MR 
4 
| ‘ 
| ‘a 
(j) Uniform right cone 
1=2 MR 
10 
...._. ‘A U 
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Theorems on Moment of Inertia 

There are two important theorems on moment of inertia, which, in some cases, enable the moment of 
inertia of a body to be determined about an axis, if its moment of inertia about some other axis is known. Let us 
now discuss both of them. 


(i) Theorem of parallel axes 

A very useful theorem, called the parallel axes theorem relates the moment of 
inertia of a rigid body about two parallel axes, one of which passes through the centre 
of mass. 

Two such axes are shown in figure for a body of mass M. If r is the distance 
between the axes and Jeg and / are the respective moments of inertia about them, 
these moments are related by, 


1=Icoy + Mr? 


Fig. 9.5 


We now present a proof of the above theorem. 
Proof: A cross-section view of a rigid body is shown in Fig. 9.6. 
The body is oriented so that the two axes, one through COM (the centre of 
mass) and the other through A, are perpendicular to the plane of the pages. 
The coordinates of these two points are (Xcom»Ycom:0) and 
(xcom +4, Ycom + b, 0)respectively. The distance between the two axes Yenr+b 
is Yom 
2 


2 2 
Pr =a" tb" 


The moment of inertia around the axis through CM is 


2 2 Nem Karns 
Icom =E m; [(x; -xcom YY + (Yı - Ycom) ] ioia 
Fig. 9.6 
and the moment of inertia around the parallel axis through 4 is, 


la =m, [(x; -xcom — 4)” + (Yi - Yoom -b7 ] 


Which after some rearrangement, can be written as 


Ej =E mi ((x; —xcom Y + (1 - Yom )7] 
-2a Em, (x; —Xcom )- 2b E m, (y; — Ycom )+ (a? + b?) E m, 
i d i 


The first of these terms is /¢gy- The second and third terms are zero from the definition of the centre of 


mass. 
z mM; X; =Xcom z m, 
and zm, Yi = Ycom zm, 
Since, r? =a? +b? and M==m,, 
i 


The fourth term is Mr? Thus, 
14 =1om+0+0+Mr? o 1, =1, 


which is the parallel axis theorem, 
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Note From the above theorem we can see that among too many parallel axes moment of inertia is least about 
an axis which passes through centre of mass. e.g., I, is least among I,, 1, and I. Similarly, I; is least 


among l4, l; and Ig. i 
1 
2 
A 3 


Fig. 9.7 


ans 


(ii) Theorem of perpendicular axes 
This theorem is applicable only to the plane bodies (two dimensional). The z 

theorem states that the moment of inertia of a plane lamina about an axis á 
perpendicular to the plane of the lamina is equal to the sum of the moments of 

inertia of the lamina about two axes perpendicular to each other, in its own 

plane and intersecting each other, at the point where the perpendicular axis 

passes through it. Let x and y axes be chosen in the plane of the body and z-axis 

perpendicular, to this plane, three axes being mutually perpendicular, then the 


theorem states that x 
itl, 
Proof: Consider an arbitrary particle P of mass m,, distant r, from o and Fig. 9.8 
x; and y; are the perpendicular distances of point P from the axes oy and ox 
respectively, we have 
ly =Em; r, 1, =Em y and 1, =E mx; 
i i i 
2 2 
So that, I,,+1, =m Jj +2 mx; 
= > m; (y; +x; ) 
== mr? 
t 
= z 
ie., f= ay, 
Radius of Gyration 
Radius of gyration (K ) of a body about an axis is the effective distance 
from this axis where the whole mass can be assumed to be concentrated so that 
the moment of inertia remains the same. Thus, K M 
2 => 
I=MK 
I 
K =,/— 
or M 
Fig. 9.9 
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e.g., radius of gyration of a disc about an axis perpendicular to its plane and passing through its centre of mass 
is 
1 mR? 


M 2 


Important points in Moment Of Inertia 


* Theorem of parallel axes is applicable for any type of rigid body whether it is a two dimensional or three 
dimensional, while the theorem of perpendicular axes is applicable for laminar type or two dimensional 
bodies only. 


In theorem of perpendicular axes, the point of intersection of the three axes (x, y and z) may be any point on 
the plane of body (it may even lie outside the body). This point may or may not be the centre of mass of the 
body. 


* Moment of inertia of a part of a rigid body (symmetrically cut from the whole mass) is the same as that of 
the whole body. e.g., in figure (a) moment of inertia of the section shown (a part of a circular disc) about an 


axis perpendicular to its plane and passing through point O is 5 MR? as the moment of inertia of the 


complete disc is also ; MR*.This can be shown as in Fig. 9.10. 


Fig. 9.10 


Suppose the given section is 1 th part of the disc, then mass of the disc will be nM. 
n 


1 
T aise = 7 (nM )R* 
l l none 
T section =— Laise == MR 
n 2 
Sample Example 9.1 Three rods each of mass m and length | are joined A 


together to form an equilateral triangle as shown in figure, Find the moment of 
inertia of the system about an axis passing through its centre of mass and 
perpendicular to the plane of the triangle. 


Fig. 9.11 
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Solution Moment of inertia of rod BC about an axis perpendicular to plane of 
triangle ABC and passing through the mid-point of rod BC (i.e., D)is 
ml? 
12 
From theorem of parallel axes, moment of inertia of this rod about the asked 
axis is 


i= 


2 2 2 
h =h +m? =" +m E : na SLi? 


2/3 6 


` Moment of inertia of all the three rods is 


Sample Example 9.2 Find the moment of inertia x a solid sphere of mass M and 
radius R about an axis XX shown in figure. 


Solution From theorem of parallel axis, 
Iyy = Icom + Mr? 


== MR? + MR? 


=! MR? 
5 


Fig. 9.14 


Sample Example 9.3 Consider a uniform rod of mass m and length 21 with two particles of mass m each at 
its ends. Let AB be a line perpendicular to the length of the rod and passing through its centre. Find the 
moment of inertia of the system about AB. 


Solution I 4B = Irod T I both particles A 
MeD” 4. 2 (ml?) joa 
12 ——= 
m i m 
= 1 ml? 
3 
‘B 
Fig. 9.15 
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Sample Example 9.4 Find the moment of inertia of the rod AB about an axis YYas Y; AB 
shown in figure. Mass of the rod is m and length is I. ' a a 
a a 
aio 
'y 
Fig. 9.16 
Solution Mass per unit length of the rod = ji 
i B 
Mass of an element PQ of the rod is, dm -(7) dx i of Z 
i i ee 
; . , : l D Pei 
Perpendicular distance of this elemental mass about yyis r=xsin a Aix 
` Moment of inertia of this small element of the rod (can be assumed as a í 
point mass) about yy is, ' 
dl = (dm)r* -(* as] (xsin a)? ' y 
Fig. 9.17 
=” sin? ax? dx 
` Moment of inertia of the complete rod, 
=I 2 
=f dt =" sin? a [ x? aa anba Ans. 
=0 l 3 
2 
Note (i) I=0ifa=0 (ii) 1= 2 ifa =2or 90° 


Introductory Exercise í 


1. About what axis would a uniform cube have its minimum moment of inertia? 

2. If I, is the moment of inertia of a thin rod about an axis perpendicular to its length and passing 
through its centre of mass and J, the moment of inertia of the ring formed by the same rod about an 
axis passing through the centre of mass of the ring and perpendicular to the plane of the ring. Then 
find the ratio +. 

I, 

3. Find the radius of gyration of a rod of mass m and length 2/about an axis passing through one of its ends 
and perpendicular to its length. 

4. There are four solid balls with their centres at the four corners of a square of side a. The mass of each 
sphere is m and radius is r. Find the moment of inertia of the system about (i) one of the sides of the square 
(ii) one of the diagonals of the square. 

5. A non-uniform rod AB has a mass M and length 21 The mass per unit length of the rod is mx at a point 

of the rod distant x from A. Find the moment of inertia of this rod about an axis perpendicular to the 

rod (a) through A (b) through the mid-point of AB. 

A circular lamina of radius a and centre O has a mass per unit area of kx?, where x is the distance from O 

and k is a constant. If the mass of the lamina is M, find in terms of M and a, the moment of inertia of the 

lamina about an axis through O and perpendicular to the lamina. 


6 
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7. The uniform disc shown in the figure has a moment of inertia of 0.6 kg-m? 
around the axis that passes through O and is perpendicular to the plane of the 
page. If a segment is cut out from the disc as shown, what is the moment of 


inertia of the remaining disc? A 


Fig. 9.18 


8. Particles of masses 1g,2g,3g,...,100g are kept at the marks 1cm, 2cm, 3cm,...,100cm 
respectively on a metre scale. Find the moment of inertia of the system of particles about a perpendicular 
bisector of the metre scale. 

9. The radius of gyration of a uniform disc about a line perpendicular to the disc equals its radius R. Find the 
distance of the line from the centre. 

10. If two circular disks of the same weight and thickness are made from metals having different densities. 
Which disk, if either will have the larger moment of inertia about its central axis. 


IEA Angular Velocity 
The term angular velocity: (©) is defined for a particle about a point. 


. . . . - = . ST] 
Suppose a particle P is moving with a velocity v, its position vector at some pa p 
F j 


. . > . . . 
moment of time ¢ =f, is r with respect to a fixed point O. At time t =t + dt 


the radius vector becomes r + dr. it has been rotated an angle d9 in time df. pKa 
Then the angular speed of particle P about point O, i.e., ax 
_ o 
dt Fig. 9.19 


This is also equal to the component of velocity perpendicular to T divided by the distance of particle P 
from point O at that instant or, 


In vector form the linear velocity, the angular velocity and the radius vector are related by, 
> > > 
v=0xr 


Thus, angular velocity may be represented as a vector quantity whose direction is perpendicular to the 
plane of motion given by the right hand rule. 
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Important Points in Angular Velocity 


e Ifa particle is moving in a circle it is in pure rotational motion about the centre of 
the circle, while for a moment it may be in pure translational motion about some 
other point. P 
lf a particle P is moving in a circle, its angular velocity about centre of the circle 
(œc )is two times the angular velocity about any point on the circumference of 
the circle (wọ ) 


or Wc =209 Fig. 9.20 
This is because ZP’ CP = 2ZP' OP (by property of a circle) 
ZP'CP ZP OP 
Wc = Fy Wo = 
l pp’ f pp’ m 


From these relations we can see that oç =2@. 
If a rigid body is rotating about a fixed axis with angular speed @, all the particles in 
rigid body rotate same angle in same interval of time, i.e., their angular speed is p 
same (@). They rotate in different circles of different radii. The planes of these 
circles are perpendicular to the rotational axis. Linear speeds of different particles 
are different. Linear speed of a particle situated at a distance r from the rotational 
axis is 


Fig. 9.21 


v=rqa 
or vor 


Angular velocity of a rigid body () is a Here 0 is the angle between the line 


joining any two points (say A and B) on the rigid body and any reference line 
(dotted) as shown in figure. 

For example AB is a rod of length 4 m. End 4 is resting against a vertical wall 
OY and B is moving towards right with constant speed v, =10m/s.To find the 


angular speed of rod at 0 = 30°, we can proceed as under. Fig. 9.22 
OB =x= AB cos 8 
a x=4cos ð 
dx z dð 
— =- 4sin 0| — 
iý dt ( dt ) 
dxl dt 
a=! = ) & ey, =10 m/s 
dt 4sin 8 dt 
or ee 
4sin 30° 


Here, negative sign implies that 0 decreases as ¢ increases (2 < 0). 
at 
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Sample Example 9.5 A particle A moves along a circle of radius R=10cem — \ 


-> 
so that its radius vector r relative to O rotates with constant angular velocity 
= 0.2rad/s, Find the modulus of the velocity of the particle and modulus and 
direction of its total acceleration, 


Fig. 9.24 


Solution Given that wy =0.2 rad/s, R =10cm=0.1m 
Wc =20 =0.4 rad/s 
(i) Modulus of velocity | |= Roe =(0.1)(0.4) 
or | | ¥|=0.04 m/s or 4 cm/s 
(ii) Modulus of total acceleration | a] = Roz 
or [a |=(0.1)(0.4)? =0.016 ms? 


-> 9 
or |a|=1.6 cm/s7 
(iii) The direction of its total acceleration (centripetal acceleration) will be towards centre C. 


l 9:3) Torque 
be 
n ws . . > eas P å 
„Suppose a force F is acting on a particle P and let r be the position vector of this particle about some 


4 . ~ 
reference point O. The torque of this force F, about O is defined as, 


Fig. 9.25 
T=?xF 


a : . , . ? . > mj . ay A ê 
This is a vector quantity having its direction perpendicular to both T and F according to the rule of cross 
product. 


Note Here, f = Ty - To 
= vas 
rp = position vector of point, where force is acting and 


Tọ = position vector of point about which torque is required. See Sample Example 9.8. 
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Torque of a force about a line 


Consider a rigid body rotating about a fixed axis AB. Let F be a force acting on the body at point P. Take 
the origin O somewhere on the axis of rotation. The torque of F about O is 
A 


n} 


B 
Fig. 9.26 
?=FxF 


Its component along AB is called the torque of F about AB. 


Important Points in Torque 


¢ When a rigid body is rotating about a fixed axis and a force is applied on it at some point then we are 
concerned with the component of torque of this force about the axis of rotation not with the net torque. 


* The component of torque about axis of rotation is independent of the choice of the origin O, so long as it is 
chosen on the axis of rotation, i.e., we may choose point O anywhere on the line AB. 


* Component of torque along axis of rotation AB is zero if 
(a) F || 4B 


(b) F intersects AB at some point 


* IfFis perpendicular to AB, but does not intersect it, then component of torque about line AB = magnitude 


> i 3 " 
of force Fx perpendicular distance of F from the line AB (called the lever arm or moment arm) of this 
torque. 
=- > . : 
* Ifthere are more than one force F}, F},...acting on a body, the total torque will be 
> 
=r, xF +r xF; +... 
But if the forces act on the same particle, one can add the forces and then take the torque of the resultant 
force, or 
> > 
T=rx (F, +F, +...) 


ne 
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Sample Example 9.6 Find the torque of a force F= (i 29 3k) N about a point O. The position 


vector of point of application of. ‘force about O is ¥ =(2i+3j-k) m 


i j k 
Solution Torque @=PxF=|2 3 -l 
12 -3 


=i (-9+2)+ j(-1+ 6) + k(4-3) 


or ¢ =(-71+5j+k) N-m 


Sample Example 9.7 A small ball of mass 1.0 kg is attached to one end of a 1.0 m long massless string 
and the other end of the string is hung from a point. When the resulting pendulum is 30° from the vertical, 
what is the magnitude of torque about the point of suspension. [Take g =10 m/s J 
Solution Two forces are acting on the ball : o 

(i) tension (T) 

(ii) weight (mg) 

Torque of tension about point O is zero, as it passes through O. 


Tmg =P Xr, 


Here, r, =OP =1.0sin 30°=0.5m 
Tmg = (mg (0.5) 
= (1)(10)(0.5) Fig. 9.27 
=5 Nm 


Sample Example 9.8 A force F= (21+ 3j- 4k) N is acting at point (2 m,-3 m, 6 m). Find torque of this 
force about a point whose position vector is (2i —5j+3k)m 


5 
Solution t=rxF 
Here, =r -0 
=(2i - 3] + 6k) — (21 -5j + 3k) 
=(2j+3k)m 
ij k 
Now, t=FxF=|0 2 3/=(-171+6j-4k)N-m 
2 3 =4 
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| XJ Rotation of a Rigid Body about a Fixed Axis 


When a body is rotating about a fixed axis, any point P located in the body travels along a circular path. 
Before, analysing the circular motion of point P, we will first study the angular motion properties of a rigid 
body. 

Angular motion 


Since, a point is without dimension, it has no angular motion. Only lines or 
bodies undergo angular motion. Let us consider the angular motion of a radial line r 
located with the shaded plane. 


Angular position 
The angular position of r is defined by the angle 6, measured between a fixed 
reference line OA and r. 


Angular displacement 


> . 
The change in the angular position, often measured as a differential dO is 
called the angular displacement. (Finite angular displacements are not vector 


quantities, although differential rotations dò are vectors). This vector has a 
magnitude d0 and the direction of dẹ is along the axis. 


Specifically, the direction of dẹ is determined by right hand rule; that is, the 
fingers of the right hand are curled with the sense of rotation, so that in this case the 


thumb or d6 points upward. 


Angular velocity 
The time rate of change in the angular position is called the angular 


velocity @. Thus, 


dð : 
PTER ... (i) 


It is expressed here in scalar form, since its direction is always along the 


f: -> 
axis of rotation, i.e., in the same direction as d®. Fig. 9.29 
Angular acceleration 


The angular acceleration @ measures the time rate of change of the angular velocity. Hence, the 
magnitude of this vector may be written as, 


as do (ii) 
=— E Gii 
dt 

It is also possible to express @ as, 
d*0 
a=— 
dt“ 
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The line of action of @ is the same as that for @, however its sense of direction depends on whether wis 
increasing or decreasing with time. In particular, if @ is decreasing, @ is called an angular deceleration and 
therefore, has a sense of direction which is opposite to @. 


Torque and angular acceleration for a rigid body 
The angular acceleration of a rigid body is directly proportional to the sum of the torque components 
along the axis of rotation. The proportionality constant is the inverse of the moment of inertia about that axis, 
or 
xt 
a=— 
I 
Thus, for a rigid body we have the rotational analog of Newton’s second law : 


Et=la ...(iii) 


Following two points are important regarding the above equation. 

(i) The above equation is valid only for rigid bodies. If the body is not rigid like a rotating tank of water, 
the angular acceleration a is different for different particles. 

(ii) The sum Èr in the above equation includes only the torques of the external forces, because all the 
internal torques add to zero. 
Rotation with constant angular acceleration 


If the angular acceleration of the body is constant then Eqs. (i) and (ii) when integrated yield a set of 
formulae which relate the body’s angular velocity, angular position and time. These equations are similar to 
equations used for rectilinear motion. Table given ahead compares the linear and angular motion with constant 


acceleration. 
Table 9.2 
ight li otion with constant linear bas È s ` 
Straight line naiai i | Fixed axis rotation with constant angular acceleration 
| 
a = constant i & = constant 
v=u+at O = 0o + at 


1 1 
$= 59 + ut+ > at 0 = 8p + Wot + = a” 


Í 
i 
i 
| 
| 
H 
| 
ji 


v =v + 2a(s- s) o? =o + 2a (0-0) 


Here 8 and og are the initial values of the body’s angular position and angular velocity respectively. 


Kinetic Energy of a rigid body rotating about a fixed axis 


Suppose a rigid body is rotating about a fixed axis with angular speed œ Then, kinetic energy of the rigid 
body will be : 
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l 2 2 
=-o° E my 
2 i 
l a2 Sins 2 
=- lo (as E mr; =I) 
2 i 
we be 
Thus, KE => l% 
Sometimes it is called the rotational kinetic energy. 
Fig. 9.30 


Sample Example 9.9 A solid sphere of mass 2 kg and radius 1 m is free to rotate about an axis passing 
through its centre. Find a constant tangential force F required to rotate the sphere with 10 rad/s in 2 s. Also 
find the number of rotations made by the sphere in that time interval. 


Solution Since, the force is constant, the torque produced by it and the angular acceleration a will be 
constant. Hence, we can apply 


o= + at etc. 
10=0+(a)(2) 


a =Srad/s* 
Further, the force is tangential. Therefore, the perpendicular distance from the axis of rotation will be 
equal to the radius of the sphere. 
¢ eft F-R _ 5F 
{= 
T= mR? 2mR 
5 
2mRa 
or F= = 


Substituting the value, we have 


r - DOWO) 


=4N 
(5) 
Further, Angle rotated 6 =1 at? =} (5X2)? 
=10rad 
Number of rotations n = = = 10 = 5 
2m 2n r 


Sample Example 9.10 The angular position of a point on the rim of a rotating wheel is given by 
0 =41 -31° +1? „where 0 is in radians and t is in seconds. What are the angular velocities at 

(a) t =2.0s and 

(b) t =4.0s? 


(c) What is the average angular acceleration for the time interval that begins at t = 2.0 s and ends at 
1=4.05? 


(d) What are the instantaneous angular acceleration at the beginning and the end of this time interval? 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


18  Mechanics-II 


Solution Angular velocity j2 mS (4t -3t? +t?) 
dt dt 
or o=4-6t+3t? 
(a) Att =2.0s, @=4-6x 2+ 3(2) 
or @=4 rad/s 
(b) Atr=4.0s, @=4-6x 44 3(4)" 
or = 28 rad/s 
(c) Average angular acceleration 
ee 
by Shy. 42 
or Oy =12 rad/s” 
(d) Instantaneous angular acceleration is, 
ak al +3t7) 
dt dt 
or a=-—6+ 6 
At #=2.0s, a =—6+ 6x 2=6 rad/s” 
At t=4.0s, a =-6+ 6x 4=18 rad/s? 


Introductory Exercise 9.2.0 


1. A body rotates about a fixed axis with an angular acceleration 1 rad/s?. Through what angle does it 
rotates during the time in which its angular velocity increases from 5 rad/s to 15 rad/s. 

2. Awheel starting from rest is uniformly accelerated at 4 rad/s? for 10 s. It is allowed to rotate uniformly for 
the next 10 s and is finally brought to rest in the next 10 s. Find the total angle rotated by the wheel. 

3. A flywheel of moment of inertia 5.0 kg m? is rotated at a speed of 10 rad/s. Because of the friction at the 
axis it comes to rest in 10 s. Find the average torque of the friction. 

4. A wheel of mass 10 kg and radius 0.2 m is rotating at an angular speed of 100 rpm, when the motion is 
turned off. Neglecting the friction at the axis, calculate the force that must be applied tangentially to the 
wheel to bring it to rest in 10 rev. Assume wheel to be a disc. 

5. A solid body rotates about a stationary axis according to the law 0 = 6t — 2t>. Here, @is in radian and tin 
seconds. Find : 


(a) the mean values of the angular velocity and angular acceleration averaged over the time interval 
between t = 0 and the complete stop, 
(b) the angular acceleration at the moment when the body stops. 


fPveae 
S aa 
tr -t 
g à 9 2 
6. Asolid body starts rotating about a stationary axis with an angular acceleration a = (2.0 x 107°)t rad/s’ 


here, t is in seconds. How soon after the beginning of rotation will the total acceleration vector of an 
arbitrary point of the body form an angle = 60° with its velocity vector? 


Hint If y = y(t), then mean/average value of y between t,andt,is <y>= 
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IEA Angular Momentum 


. . . . è =p Š . 
A mass moving in a straight line has linear momentum (P). When a mass rotates about some point/axis, 


there is momentum associated with rotational motion called the angular momentum (L). Just as net external 


force is required to change the linear momentum of an object a net external torque is required to change the 


angular momentum of an object. Keeping in view the problems asked in JEE, the angular momentum is 
classified in following three types. 


(i) Angular momentum of a particle about some point 


s . . . . -> a . 
Suppose a particle A of mass m is moving with linear momentum P = my. Its angular momentum Labout point 
O is defined as: 


L=?x B=Px (mv¥)=m(rx ¥) 


Here, T is the radius vector of particle A about O at that instant of 


time. The magnitude of Lis 


L=mvrsin 0=myr, 
Here, r, =rsin O is the perpendicular distance of line of action of 
. ; AE =a 
velocity Vv from point O. The direction of Lis same as that of T x V. 
Note The angular momentum of a particle about a line (say AB) is the component along AB of the angular 


momentum ofthe particle about any point (say O) on the line AB. This component is independent of the 
choice of point O, so far as-it is chosen on the line AB. 


Sample Example 9.11 A particle of mass m is moving along the line y =b, z =0 with constant speed v. 
State whether the angular momentum of particle about origin is increasing, decreasing or constant. 


pa . 
Solution |L|=mvrsin 0 
= mvr, 


=mvb 


+ 
<. |L|=constant as m,vand ball are constants. 


Direction of Fx V also remains the same. Therefore, angular 


momentum of particle about origin remains constant with due course of 
time. 


Note In this problem |? | is increasing, © is decreasing but r sin 9, i.e., b Fig. 9.32 
remains constant. Hence, the angular momentum remains constant. 
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Sample Example 9.12 A particle of mass m is projected from origin O with y 
speed u at an angle 9 with positive x-axis. Positive y-axis is in vertically 

upward direction. Find the angular momentum of particle at any time t about u 
O before the particle strikes the ground again. 


fo} x 
Fig. 9.33 
Solution L=m(? x ¥) 
Here, T(t)=xi + yj=(u cos OXÅ + (ut sin 0 -1 gt? )j 
and Vt)= vei + vj =(ucos 0)Î + (usin 0- gt J) 
i j 


> b- l 2 
L=m(Tx ¥)=m (ucos O)» (usin 0) =g 


o o => 


ucos 0 usin 0- gt 


sma? sin Ocos 0X — (u cos O)gr? - (u° sin Ocos 0)r +l (u cos or k 
1 2 
=-7 m(u cos 0) gt" k 


(ii) Angular Momentum of a rigid body rotating about a fixed axis 


Suppose a particle P of mass m is going in a circle of radius v and at some instant 
the speed of the particle is v. For finding the angular momentum of the particle about D 
the axis ofrotation, the origin may be chosen anywhere on the axis. We choose it at the 


. . > = 4 . -> 
centre of the circle. In this case r and P are perpendicular to each other and T x P is 


= g . . p 
along the axis. Thus, component of T x P along the axis is mvr itself. The angular 


momentum of the whole rigid body about AB is the sum of components of all 
particles, i.e., 


L= z MV; 


B 
Here, Vv, =O Fig. 9.34 
L=} mr? o or L=0} mr? 
i i 
or L=Io (as £ mr =1) 
I 


Here, / is the moment of inertia of the rigid body about AB. 


. mid ° " æ 
Note The vector relation L = I @ is not correct in the above case because L and 8 do not point in the same 


. . ° -> 
direction, but we could write Lay = lw, If however the body is symmetric about the axis of rotation Land 


g8 are parallel and we can write (L = Iw) in vector formas L=130. 
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By svmmetric we mean that for every mass element in the body there must be an identical mass 
element diametrically opposite the first element and at the same distance from the axis of rotation. 


Thus, remember that L =16 applies only to bodies that have symmetry about the (fixed) rotational 


axis. Here, L stands for total angular momentum. However the relation L4g = Iw holds for any rigid 
body symmetrical or not that is rotating about a fixed axis. 


(iii) Angular momentum of a rigid body in combined rotation and translation 


Let O be a fixed point in an inertial frame of reference. Angular 
momentum of the body about O is 


os 
L==m,(r; x ¥;) 
i 
> > > 
=Em (Ti, cm +To)X (V; cm + Yo) ms 


Here, T) is the position vector of the centre of mass and Vo its velocity. Fig. 9.35 


J > => > > > => > 
Thus, L=E1 (Tiem * Vi, em) + © mM, Fi, em}* Vo + To x {© m; Vi, em} + & m; }To x Vo 
1 1 I 


Now, z m; A cm 7 M Ron cm 7 0 
Similarly, E p Vion =M Veme “O 
Thus, L= 2m A an © Vien )+ MT x Vo 
> = => 
or L=L,, +M(ro X Vo) 


5 
The first term L,,, represents the angular momentum of the body as seen from the centre of mass frame. 


The second term M (Fy x Vp ) equals the angular momentum of centre of mass about point O. 


Sample Example 9.13 A circular disc of mass m and radius R is set into 
motion on a horizontal floor with a linear speed v in the forward direction 


and an angular speed œ = F] in clockwise direction as shown in figure. Find 


the magnitude of the total angular momentum of the disc about bottommost 


point O of the disc. 5 
Fig. 9.36 
Solution L=L,., +m(Ty X Vo) (i) 
Here, Be =I 


(perpendicular to paper inwards) 
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= 1 mvR 
2 


and m(To X Vo )=mRv (perpendicular to paper inwards) 
Since, both the terms of right hand side of Eq. (i) are in the same direction. 


>, 1 
jE = uk +mvR 


=i. 3 
or |L|==mvR 
2 Fig. 9.37 


Introductory Exercise KSN) 


1. Two particles each of mass m and speed v, travel in opposite directions along parallel lines separated by a 


distance d. Show that the vector angular momentum of this system of particles is the same about any point 
taken as origin. 


In example number 9.13 suppose the disc starts rotating anticlockwise with the same angular velocity 
o => then what will be the angular momentum of the disc about bottommost point in this new 
situation? 

3. A particle of mass m moves in xy plane along the line y = x — 4, with constant speed v. Find the angular 
momentum of particle about origin at any instant of time t. 


4. A particle of mass m is projected from the ground with an initial speed u at an angle a. Find the magnitude 
of its angular momentum at the highest point of its trajectory about the point of projection. 


5. If the angular momentum of a body is zero about some point. Is it necessary that it will be zero about a 
different point? : 


| [Eq] Conservation of Angular Momentum 


As we have seen in Article 9.5, the angular momentum of a particle about some reference point O is 
defined as, 


L=rxp Â 


Here, P is the linear momentum of the particle and F its position vector with respect to the reference point 
O. Differentiating Eq. (i) with respect to time, we get 


dL > dp dr > 
= +— x 


—= Fx — a .. (ii) 
dt dt dt 
N 
= 
f 
Here, ap = F N, 
t 
ent r v 
= Wo oê 
and S = V (velocity of particle) no" noe 
1 
0 
Hence, Eq. (ii) can be rewritten as, tT 
dL Fig. 9.38 
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Now, ¥x p=0, because Vand Pare parallel to each other and the cross product of two parallel vectors is 


zero. Thus, 


dL > 2 
— =TFx F =? 
dt 
dL . 
or i, ... (iti) 


Which states that the time rate of change of angular momentum ofa particle about some reference point in 
an inertial frame of reference is equal to the net torques acting on it. This result is rotational analog of the 


-$ 
equation F= fala! „which states that the time rate of change of the linear momentum ofa particle is equal to the 


force acting on it. Eq. (iii) like all vector equations, is equivalent to three scalar equations, namely 


a), A 
dt «= Fy 


> 


: dL : . 
The same equation can be generalised for a system of particles as, Ta = T According to which the 


time rate of change of the total angular momentum of a system of particles about some reference point of an 
inertial frame of reference is equal to the sum of all external torques (of course the vector sum) acting on the 
system about the same reference point. 


> d LÈ = 
Now, suppose that Tey, =0,then T =Q, so that L =constant. 
t 


“When the resultant external torque acting on a system is zero, the total vector angular momentum of the 
system remains constant. This is the principle of the conservation of angular momentum. 
For a rigid body rotating about an axis (the z-axis, say) that is fixed in an inertial reference frame, we have 


L, =lo 
It is possible for the moment of inertia / of a rotating body to change by rearrangement of its parts. If no 
net external torque acts, then L, must remain constant and if J does change, there must be a compensating 
change in a The principle of conservation of angular momentum in this case is expressed as 


J@=constant (iv) 


Sample Example 9.14 A wheel of moment of inertia I and radius R is rotating about its axis at an angular 
speed Wo. It picks up a stationary particle of mass m at its edge. Find the new angular speed of the wheel. 
Solution Net external torque on the system is zero. Therefore, angular momentum will remain conserved. 
Thus, 
1, 
la =o, or o, =—— 
h 
Here, J =/, ©; =@p, J, =1 + mR? 
log 


osn 
I+mR 
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Introductory Exercise 94] 


1. A thin circular ring of mass M and radius R is rotating about its axis with an angular speed og. Two 
particles each of mass m are now attached at diametrically opposite points. Find the new angular speed of 


the ring. 
2. If the ice at the poles melts and flows towards the equator, how will it affect the duration of day-night? 


3. Whentall buildings are constructed on earth, the duration of day night slightly increases. Is this statement 
true or false? 


Combined Translational and Rotational Motion of a 
Rigid Body 


Up until now we have considered only bodies rotating about some fixed axis. In JEE however questions 
are frequently asked on combined translational and rotational motion of a rigid body. 


Ycom COM Voom 
| A 
| 
(a) (b) 
Fig. 9.39 
In such problems if two things are known: 
(i) velocity of centre of mass (veom ) (ii) angular velocity of the rigid body (œ) 


Fig. 9.40 


The motion of whole rigid body can be described. 
For example, let the velocity of centre of mass of a rigid body shown in figure is v and angular velocity of 
the rigid body is œ Then velocity of any point P on the rigid body can be obtained as, 
¥, = Voom + Vp, COM 
Here, | Voom |= 
and V>.COM =rqin a direction perpendicular to line CP. 


Thus, the velocity of point P is the vector sum of Véoy and V>,com as shown in figure. 
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Kinetic energy of rigid body in combined translational and rotational motion 


Here, two energies are associated with the rigid body. One is translational (- 3 m Veom ) and another is 


rotational (-3 Tomi ) . Thus, total kinetic energy of the rigid body is 


l 2 1 2 
K =- mv, +-/1 O 
2 COM 2 COM 


For better understanding of this article let us take an example based on the above theory asked in 
JEE-2000. 


Sample Example 9.15 A disc of radius R has linear velocity v and 
angular velocity œ as shown in the figure. Given v=ro. Find velocity of 
points A, B, C and D on the disc. 


Fig. 9.41 


Solution As stated in above article, velocity of any point of the rigid body in rotation plus translation is the 
vector sum of v (the velocity of centre of mass) and ra Here, r is the distance of the point under consideration 
from the centre of mass of the body. Direction of this rœ is perpendicular to the line joining the point with 
centre of mass in the sense of rotation. Based on this, velocities of points A, B, C and D are as shown below: 


vg = V2v = V2 Ro 


v+ Ro =2v 


Ro =v 


\2v =Vp 
Fig. 9.42 


f Thus, v4 is zero, velocity of B and D is V2vor V2Roand velocity of C is 2vor 2Roin the directions shown 
in figure. 
IEJ Instantaneous Axis of Rotation 


The combined effects of translation of the centre of mass and rotation about an axis through the centre of 
mass are equivalent to a pure rotation with the same angular speed about an axis passing through a point of 
zero velocity. Such an axis is called the instantaneous axis of rotation. (/AOR). This axis is always 
perpendicular to the plane used to represent the motion and the intersection of the axis with this plane defines 
the location of instantaneous centre of zero velocity (/C). 
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Fig. 9.43 


26 = Mechanics-II 


For example consider a wheel which rolls without slipping. In this case the point of contact with the 
ground has zero velocity. Hence, this point represents the JC for the wheel. If it is imagined that the wheel is 
momentarily pinned at this point, the velocity of any point on the wheel can be found using v = ra Here ris the 
distance of the point from JC. Similarly, the kinetic energy of the body can be assumed to be pure rotational 
about JAOR or, 


Fig. 9.44 
l 2 
K =-I @ 
z TOR 
Rotation + Translation = Pure rotation about JAOR passing through JC 


l 1 1 
Kiez mvVeom +5 Icom” => KE = Tuon o? 


Location of the IC 
Ifthe location of the /C is unknown, it may be determined by using the fact that the relative position vector 
extending from the /C to a point is always perpendicular to the velocity of the point. Following three 


possibilities exist. 
(i) Given the velocity of a point (normally the centre of mass) on the body and the 
angular velocity of the body 


Ifv and ware known, the IC is located along the line drawn perpendicular to Vat P, such that the distance 


from P to /C is, r= X Note that ZC lie on that side of P which causes rotation about the JC, which is consistent 
o 


with the direction of motion caused by Gand V. 


Fig. 9.45 
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Sample Example 9.16 A rotating disc moves in the positive directionofthe Y ; 
x-axis. Find the equation y(x) describing the position of the instantaneous > 
axis of rotation if at the initial moment the centre c of the disc was locatedat o 
the point O after which it moved with constant velocity v while the disc started 
rotating counterclockwise with a constant angular acceleration a. The initial 


angular velocity is equal to zero, 
Fig. 9.46 


. x 
Solution {=< y 


v 
and oza =% 
v O x 
The position of JAOR will be at a distance T / 


v 
y r x 
v Fig. 9.47 
or =— 
y ax 
v 
y? 
or y=— 
ax 
2 
v 
or xy =— =constant 
a 


This is the desired x-y equation. This equation represents a rectangular hyperbola. 
(ii) Given the lines of action of two non-parallel velocities 


Consider the body shown in figure where the line of action of the velocities V, and Vz are known. Draw 
perpendiculars at A and B to these lines of action. The point of intersection of these perpendiculars as shown 
locates the JC at the instant considered. 


Fig. 9.48 


(iii) Given the magnitude and direction of two parallel velocities 
When the velocities of points A and B are parallel and have known magnitudes v, and vg then the 
location of the /C is determined by proportional triangles as shown in figure. 
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+ S| 


Fig. 9.49 
In both the cases, Pi mG 
á @ 
and Fg I i, 
j (A) 


In Fig. (a) 
and in Fig. (b) 


raic +Tg, c =d 
"gic "a,c =4 


As a special case, if the body is translating, v4 =v, and the JC would be located at infinity, in which case 
o=0. 


Sample Example 9.17 4 uniform thin rod of mass m and length | is standing on a smooth horizontal 
surface. A slight disturbance causes the lower end to slip on the smooth surface and the rod starts falling. 
Find the velocity of centre of mass of the rod at the instant when it makes an angle ® with horizontal. 


Solution As the floor is smooth, mechanical energy of the rod will remain conserved. Further, no horizontal 
force acts on the rod, hence the centre of mass moves vertically downwards in a straight line. Thus velocities 
of COM and the lower end B are in the directions shown in figure. The location of JC at this instant can be 


found by drawing perpendiculars to v and V; at respective points. Now, the rod may be assumed to be in 
pure rotational motion about JAOR passing through /C with angular speed a 


Fig. 9.50 


Applying conservation of mechanical energy. Decrease in gravitational potential energy of the 
rod = increase in rotational kinetic energy about JAOR 


mgh =5 lice wr 


l y (m? m? 2 2 
or mes ( sin oysa oo a} 
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pee 12g(1-sin 6) 
(1+ 3cos? 0) 


Now, EA -(; cos o) o 
_ [3gi(l -sin @)cos? 0 
(1+ 3cos? 6) 


Introductory Exercise WA! 


1. In sample example 9.16, find the equation y(x)if at the initial moment the axis c of the disc was located at 
the point O after which it moved with a constant linear acceleration ay (and the zero initial velocity) while 
the disc rotates counter clockwise with a constant angular velocity œ. 

2. A uniform bar of length l stands vertically touching a wall OA. When ^ 
slightly displaced, its lower end begins to slide along the floor. Obtain an 


expression for the angular velocity o of the bar as a function of 0. Neglect 
friction everywhere. 


Solving this equation, we get 


Fig. 9.51 


IEEJ Uniform Pure Rolling 


Pure rolling means no relative motion (or no slipping) at point of contact between two bodies. 

For example, consider a disc of radius R moving with linear velocity v and angular velocity œ on a 
horizontal ground. The disc is said to be moving without slipping if velocities of points P and QO (shown in 
figure b) are equal, i.e., 


Q 
(a) (b) 
Fig. 9.52 
Vp Yo 
or v—-Ro=0 
or v=Ra 


Ifvp >Vg orv > Rw, the motion is said to be forward slipping and if vp < Vo or v < Ro, the motion is said 
the backward slipping (or sometimes called forward english). 
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Thus, v = Rais the condition of pure rolling on a stationary ground. Sometimes it is simply said rolling. 
Suppose the base over which the disc in rolling, is also moving with some velocity (say vo) then in that case 
condition of pure rolling is different. 


Fig. 9.53 


For example, in the above figure, 
Vp =Vo 
or v-Ro=v 
Thus, in this case v — Ro + 0, but v — Ro = vo. By uniform pure rolling we mean that v and ware constant. 
They are neither increasing nor decreasing. 


Important points in Uniform Pure Rolling On Ground 
In case of purevrolling on a stationary horizontal ground, following points are important to note: 
e Distance moved by the centre of mass of the rigid body in one full rotation is 27R. 


s=2nR 
Fig. 9.54 


This can be shown as under: 
s=v-T =(oR) (=) =2nR 
@ 


In forward slipping s>2nR (as v> œR) 
and in backward slipping s<2nR (as v< œR) 

* Instantaneous axis of rotation (JAOR) passes through the bottommost point, as it is a point of zero velocity. 
Thus, the combined motion of rotation and translation can be assumed to be pure rotational motion about 
bottommost point with same angular speed a 


Fig. 9.55 
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* The speed of a point on the circumference of the body at the instant shown in figure 


s . 8 8) « 
is 2vsin 2 or Rosin = Le, 


ca =- 


: . 0 
IVpl=vp =2vsin - = 2Rosin 5 


This can be shown by following two methods. 
Method 1: 


Fig. 9.57 Fig. 9.58 


l=? +v? + 2v- vcos (180° — 0) 
hein” 
2 


Method 2: 
\V>|=(OP)o 


Here, OP =2R sin : 
WWol=(2R sin aC 


= 2Rosin (2) 
2 


=2vsin 8 
2 
¢ From point number (3) we can see that 
vy =0 as 0=0° 
vp =V2v as 0=90° 


and Ve =2v as 0 =180° 


Fig. 9.60 


* The path of a point on circumference is a cycloid and the distance moved by this point in one full rotation is 
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Fig. 9.61 


In the figure, the dotted line is a cycloid and the distance A, Az... As is 8R. This can be proved as under, 
In figure 9.61 


0=0t 
According to point (3), speed of point A at this moment is, 


. | oF 
v4 =2Rosin| — 
2 
Distance moved by it in time dt is, 


ds=v, dt =2Rosin (=) dt 


A 
t=0 t= 
Fig. 9.62 
Therefore, total distance moved in one full rotation is, 
_ T = 2n/o 
T=2n/@ 
or s= ji 2Rosin o: dt 
2 
On integration we get, s=8R. 


=R j foraring=} for a disc 
r 2 


for a solid sphere 


for a hollow sphere etc. 


Here, K x stands for rotational kinetic energy( 


lo? Jana K r for translational kinetic energy 
(-3 my? .For example, for a disc : 
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Sample Example 9.18 A disc of radius R start at time t = 0 moving along the 


positive x axis with linear speed v and angular speed œ. Find the x and y 
coordinates of the bottommost point at any time t. 


Fig. 9.63 


Solution At time ¢ the bottommost point will rotate an angle 0 = wf with respect to the centre of the disc C. 
The centre C will travel a distance s = vt. 


y 


In the figure, 


PQ=Rsin 0 =R sin ot 
CO =R cos 0 =R cos ot 


and 

Coordinates of point P at time f are, 
x=0M -PQ =vt - Rsin ot 
y=CM -CQ =R -Rcos ot 

(x, y)=(vt - R sin of, R -R cos wt) 


and 


Introductory Exercise RJ} 
1. A solid sphere of mass m rolls down an inclined plane a height h. Find rotational kinetic energy of the 
sphere. s 


(Hint: Mechanical energy will remain conserved] 


A ring of radius R rolls on a horizontal ground with linear speed v and 


angular speed œ. For what value of 8 the velocity of point P is in vertical x 
direction. (v < Ro) 


Fig. 9.65 
3. 


The topmost and bottommost velocities of a disc are v; and v3 (< v; )in the same direction. The radius is R. 
Find the value of angular velocity w. 
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' EEY] Accelerated Pure Rolling 


So, far we were discussing the uniform pure rolling in which v and œ were constants. Now, suppose 
an external force is applied to the rigid body, the motion will no longer remain uniform. The condition of 
pure rolling on a stationary ground is, 

v=Ro 

Differentiating this equation with respect to time, we have 

dy _p do 
dt dt 
or a=Ra 


Thus, in addition to v= Rw at every instant of time, linear acceleration 
= R x angular acceleration or a= Ra for pure rolling to take place. Here, 
friction plays an important role in maintaining the pure rolling. The friction 
may sometimes act in forward direction, sometimes in backward direction or 
under certain conditions it may be zero. Here, we should not forget the basic 
nature of friction, which is a self adjusting force (upto a certain maximum 
limit) and which has a tendency to stop the relative motion between two bodies 
in contact. Let us take an example illustrating the above theory. 

Suppose a force F is applied at the topmost point of a rigid body of radius 
R, mass M and moment of inertia / about an axis passing through the centre 
of mass. Now, the applied force F can produce by itself: 

(i) a linear acceleration a and 

(ii) an angular acceleration a. 

If a = Ra, then there is no need of friction and force of friction f = 0.If 
a < Ra, then to support the linear motion the force of friction f will act in 
forward direction. Similarly, if a > Ra, then to support the angular motion 
the force of friction will act in backward direction. So, in this case force of Fig. 9.67 
friction will be either backward, forward or even zero also. It all depends on 
M, I and R. For calculation you can choose any direction of friction. Let we assume it in forward direction, 


Let, a= linear acceleration, œ = angular acceleration 


then, a= AA ..(i) 
M M 
neck _(F-fR (ii) 
I I 
For pure rolling to take place, 
a=Ra .. (iii) 
Solving Eqs. (i), (ii) and (iii), we get 
2 
_ (MR? 1) i) 
(MR* +/) 
From Eq. (iv) following conclusions can be drawn 
(i) If I = MR? (e.g., in case of a ring) 
f=0 
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i.e., if a force F is applied on the top of a ring, the force of friction will be zero and the ring will roll without 
slipping. 

(ii) If 1 < MR? ,(e.g., in case of a solid sphere or a hollow sphere), fis positive, i.e., force of friction will 
be forward. 

(iii) If J > MR?, fis negative, i.e., force of friction will be backwards. Although under no condition 
I > MR? .(Think why?). So force of friction is either in forward direction or zero. 

Here, it should be noted that the force of friction f obtained in Eq: (iv) should be less than the limiting 
friction (Mg ), for pure rolling to take place. Further, we saw that if 7 < MR ? force of friction acts in forward 


direction. This is because a is more if / is small (o = z) i.e., to support the linear motion force of friction is in 
forward direction. 


Note Itis often said that rolling friction is less than the sliding friction. This is because the force of friction 
calculated by equation number (iv) normally comes less than the sliding friction (pN) and even 
sometimes it is in forward direction, i.e., it supports the motion. 


There are certain situations in which the direction of friction is fixed. For example in the following 
situations the force of friction is backward. 


Fig. 9.68 


Rolling on Rough Inclined Plane 
As we said earlier also, force of friction in this case will be backward. Equations of motion are : 


Mg sin ð- f : 
= ——— . .(i) et 
Í M E tise 
= ris .. (ii) 
I 
For pure rolling to take place, 
a=Ra ..-(iii) 
.. see H 4 .69 
Solving Eqs. (i), (ii) and (iii), we get Fig. 9 
Mg sin 8 (iv) 
f= = 
MR 
1+ 
I 
in 8 4 
l+ : 
MR 
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From Eq. (v), we can see that if a solid sphere and a hollow sphere of same mass and radius are released 
from a rough inclined plane the solid sphere reaches the bottom first because : 
I sotid < Z hollow or Asolid > A hollow 
' l solid < Í hollow 
Further, the force of friction calculated in Eq. (iv) for pure rolling to take place should be less than or equal 
to the maximum friction Mg cos 8. 


Mesi 
or eme <u Mg cos 8 
| MR 
Or fi tan 0 
2 
MR 
l+ 
I 
Sample Example 9.19 Jn the arrangement shown in figure the mass of the hase til 
uniform solid cylinder of radius R is equal to m and the masses of two bodies K >) 
are equal to m and m,. The thread slipping and the friction in the axle of the Me 
cylinder are supposed to be absent. Find the angular acceleration of the 1 S27] 
. s PONE i 
cylinder and the ratio of tensions = of the vertical sections of the thread in the 2 
3 f 
process of motion. : m 
E 
Fig. 9.70 
Solution Let a = angular acceleration of the cylinder 
and a = linear acceleration of two bodies 
a 
ham 
Tiao T2 mg 
Fig. 9.71 
Equations of motion are: 
For mass m , T, -mg=ma ...(i) 
For mass m, mg -T, =m,a (ii) 
Ta -T )R y 
For cylinder, a= Crk „.(iii) 
— mR? 
2 
For no slipping condition a= Ra ...(iv) 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


CHAPTER 9 . Mechanics of Rotational Motion 37 


Solving these equations, we get 
7 2(m, -m )g —_ 
(2m, + 2m, + m)R 


and T _m (m+ 4m, ) 


T, m,(m+4m ) 


Sample Example 9.20 Consider the arrangement shown in figure. 
The string is wrapped around a uniform cylinder which rolls without 
slipping. The other end of the string is passed over a massless, 
frictionless pulley to a falling weight. Determine the acceleration of the 
falling mass m in terms of only the mass of the cylinder M, the mass m 


and g. : m] 


Fig. 9.72 


Solution Let 7 be the tension in the string and f the force of (static) friction, between the cylinder and the 
surface 


Fig. 9.73 


a, =acceleration of centre of mass of cylinder towards right 
a, = downward acceleration of block m 

a = angular acceleration of cylinder (clockwise) 

Equations of motion are: 


For block, mg -T =ma, ..-(i) 
For cylinder, T+ f =Ma, .. (ii) 
a= a das .. (iil) 

re, 


The string attaches the mass m to the highest point of the cylinder, hence 


Vm = Voom + Ro 


Differentiating, we get a, =a, + Ra (iv) 
We also have (for rolling without slipping) 
aj = Ra oe (v) 
z A 8mg 
th i t et Se 
Solving these equations, we ge a TO 
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Alternate Solution (Energy Method) 


Since, there is no slipping at all contacts mechanical energy of the system will remain conserved. 
` Decrease in gravitational potential energy of block m in time f = increase in translational kinetic 
energy of block + increase in rotational as well as translational kinetic energy of cylinder. 


mgh eats mv; + 1 lo? + l M? 
2 ~ 2 2 


a 


1 al l 2 1/1 2 2 1 2 
or = == r e oe 2 2 : = 
me (3 ax z" (aat) +i(jur Jean +5 M(a,!) ...(vi) 


Solving Eqs. (iv), (v) and (vi), we get the same result. 


Introductory Exercise 


1. A ball of mass M and radius R is released on a rough inclined plane of inclination 6. Friction is not sufficient 
to prevent slipping. The coefficient of friction between the ball and the plane is p. Find: 
(a) the linear acceleration of the ball down the plane, 


(b) the angular acceleration of the ball about its centre of mass. 


2. Work done by friction in pure rolling is always zero. Is this statement true or false? 
F 
3. A spool is pulled by a force in vertical direction as shown in figure. What is the 
direction of friction in this case? The spool does not loose contact with the 
ground. 
Fig. 9.74 


4. A cylinder is rolling down a rough inclined plane. Its angular momentum about the point of contact 
remains constant. Is this statement true or false? 


5. Two forces F, and F, are applied on a spool of mass M and moment of j 
inertia J about an axis passing through its centre of mass. Find the ratio 
A, so that the force of friction is zero. Given that I < 2Mr?. R 


2 


Fig. 9.75 


6. A disc is placed on the ground. Friction coefficient is p. What is the minimum force required to move the 
disc if it is applied at the topmost point? 


7. When a body rolls, on a stationary ground, the acceleration of the point of contact is always zero. Is this 
statement true or false? j 


| EEE] Angular Impulse 


The angular impulse of a torque in a given time interval is defined as E Tdr 
1 


Here, T is the resultant torque acting on the body. Further, since 
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to os tdtaaf, 
t 
23 x -= -> 
or f tdt =angular impulse = L, — L 
1 


Thus, the angular impulse of the resultant torque is equal to the change in angular momentum. Let us take 
few examples based on the angular impulse. 


Sample Example 9.21 A uniform sphere of mass m and radius R starts rolling without slipping down an 
inclined plane. Find the time dependence of the angular momentum of the sphere relative to the point of 


contact at the initial moment. How will the result be affected in the case of a perfectly smooth inclined plane? 
The angle of inclination of the plane is 9. 


Solution Applying the equation = Wise 
Angular impulse = change in angular momentum about point of ana D a H 
contact we have, no ; Z 


7 dt =AL l A0 


or L=(mg sin 0) Rt Fig. 9.76 


There will be no change in the result, as the torque of force of friction in the first case is zero about point 
of contact. So, it hardly matters whether the surface is rough or smooth. 


EEA Toppling 


You might have seen in your practical life that ifa force F is applied to a block A of smaller width it is 
more likely to topple down, before sliding while if the same force F is applied to an another block B of broader 


base, chances of its sliding are more compared to its toppling. Have you ever throught why it happens so. To 
understand it better let us take an example, 


— F 


E = 
“| B 


Preen 


Fig. 9.77 


Suppose a force F is applied at a height b above the base AE of the 
block. Further, suppose the friction fis sufficient to prevent sliding. In this 
case, if the normal reaction N also passes through C, then despite the fact 
that the block is in translational equilibrium (F = f and N =mg), an 
unbalanced torque (due to the couple of forces F and f) is there. This 
torque has a tendency to topple the block about point E. To cancel the W=mg 
effect of this unbalanced torque the normal reaction N is shifted towards 


s . i ; š ; ig. 9.78 
right a distance ‘a’ such that, net anticlockwise torque is equal to the net ae 
clockwise torque or 


Fb = (mg )a 
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or ae Fb 
mg 
N` 
B D 
F 
cy 4 le 
f 
mg mg 
(a) (b) 
Fig. 9.79 


Now, as F or b (or both) are increased, distance a also increases. But it can not go beyond the right edge of 
the block. So, in extreme case (beyond which the block will topple down), the normal reaction passes through 
E as shown in Fig. 9.79(b). 

Now, if F or b are further increased, the block will topple down. This is 
why the block having the broader base has less chances of toppling in 
comparison to a block of smaller base. Because the block of larger base has p 
more margin for the normal reaction to shift. On the similar ground we can 
see why the rolling is so easy. 

Because in this case the normal reaction has zero margin to shift. So even 
if the body is in translational equilibrium (F = f, N = mg) an unbalanced 


N 


torque is left behind and the body starts rolling clockwise. As soon as the - 
body starts rolling the force of friction is so adjusted (both in magnitude and mg 
direction) that either the pure rolling starts (if friction is sufficient enough) or Fig. 9.80 


the body starts sliding. Let us take few examples related to toppling. 


Sample Example 9.22 A uniform cube of side a and mass m rests on a rough horizontal table. A horizontal 


force F is applied normal to one of the faces at a point directly above the centre of the face, at a height z 
4 
above the base. What is the minimum value of F for which the cube begins to tip about an edge? 


Solution In the limiting case normal reaction will pass through O. The 


cube will tip about O if torque of F exceeds the torque of mg. N 
~F 
Hence, F @ >mg (2) . = 3a 
4 2 7 
2 - 
or F>= (0) 
> 3 ms mg 
Fig. 9.81 


Therefore, minimum value of F is ; mg. 


Sample Example 9.23 A uniform cylinder of height h and radius r is placed with its circular face on 4 
rough inclined plane and the inclination of the plane to the horizontal is gradually increased. If p is the 
coefficient of friction, then under what conditions the cylinder will (a) slide before toppling (b) topple before 
sliding. . 
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Solution (a) The cylinder will slide if \ f 
mg sin 0 > jung cos 0 

or tan 0>p Ali) , o 

p h no 9% 
The cylinder will topple if (mg sin 0) 3 > (mg cos 0)r 

ei E a a 

2r i 

or tan 0> 7 . (il) Fig. 9.82 


bi 2r ; : 
Thus, the condition of sliding is tan 0 >p and condition of toppling is tan 0 > T Hence, the cylinder will 
1 
slide before toppling if 


2r 
<= 


h 
(b) The cylinder will topple before slidingif p> = 
1 


Introductory Exercise [KKJ 
1. A cube is resting on an inclined plane. If the angle of inclination is gradually increased, what must be the 
coefficient of friction between the cube and plane so that, 
(a) cube slides before toppling? 
(b) cube topples before sliding? 


2. A solid sphere of mass M and radius R is hit by a cue at a height h 
above the centre C. For what value of h the sphere will roll without 
slipping? 


Fig. 9.83 


Extra Points P 
a Whether a particle is in translational motion, rotational motion or in both it merely depends on the reference 
point with respect to which the motion of the particle is described. 


vcos 0 
cs — nana P“ 
o ; 
' A D 4 vsin 0 
èB ri 
"o 
(a) (b) (c) 
Fig. 9.84 
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For example: Suppose a particle P of mass m is moving in a straight line as shown in figures (a), (b) and 


(c). 


Refer figure (a): With respect to point A, the particle is in pure translational motion. Hence, kinetic 


energy of the particle can be written as 


1 
KE =— mv” 
2 


Refer figure (b) : With respect to point B, the particle is in pure rotational motion. Hence, the kinetic 
energy of the particle can be written as 


2 
KE= rai (m (2) 
2 2 r 


=> my? 
2 


Refer figure (c): With respect to point C, the particle can be assumed to be in rotational as well as 
translational motion. Hence, the kinetic energy of the particle can be written as 


KE = 1 m (v cos oF +510 


4 re 2 
m (v cos Of + 1 (m (2222) 
r 


Thus, in all the three cases, the kinetic energy of the particle comes out to be the same. 


Jf Fis perpendicular to AB, but does not intersect it, then component of torque about line AB = magnitude of 
force F x perpendicular distance of F from the line AB (called the lever arm or moment arm) of this torque. 


Work done by friction in pure rolling on a stationary ground in zero as the point of application of the force is at 
rest. Therefore, mechanical energy can be conserved if all other dissipative forces are ignored. 

In cases where pulley is having some mass and friction is sufficient enough to prevent slipping, the tension on 
two sides of the pulley will be different and rotational motion of the pulley is also to be considered. 


a=gsin8@ if surface is smooth 
MRI à 
re a=gsin 0- pg cos 0 if surface is rough but friction is 
a igi eee: insufficient to prevent slipping. 
‘ a (forward slipping will take place) 
a eg? nigel”? ax gsin 0 if pure rolling is taking place, i.e., 
c 1+ I/M friction is sufficient to prevent 
Fig. 9.85 slipping. 
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Solved Examples 
Level 1 


Example 1 Ifthe radius of the earth contracts to half of its present value without change in its mass, what 
will be the new duration of the day? 


Solution Present angular momentum of earth 
2 > 
L =Io== MR-o 
5 
New angular momentum because of change in radius 


5 g 
== u(4) ay 
~ 5 2 


If external torque is zero then angular momentum must be conserved 


L,=L 
2 > Ll, 2 > 
= MR-@ =—x= MRA 
5 4 5 
Le, o =40 
T =i T=_x24=6h 


Example 2 4 particle of mass m is projected with velocity v at an angle 0 with the horizontal. Find its 
angular momentum about the point of projection when it is at the highest point of its trajectory. 


Solution At the highest point it has only horizontal velocity v, = vcos 0 
Length of the perpendicular to the horizontal velocity from ‘O” is the maximum 
height, where 


r ees | 
H _v sin~ 6 
max J0 

— 


3 i 2 x 
Angular momentum L= es Fig. 9.86 
{8g 


Example 3 A horizontal force F acts on the sphere at its centre as shown. Coefficient of friction between 
ground and sphere is 1. What is maximum value of F, for which there is no slipping ? 


Fig. 9.87 
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Solution F- f =Ma 
2 2a | 
R= MR — => =— Ma 
f 5 R f 
2 
> =o" 


7 
= F <umg > F <z umg 


Example 4 A tangential force F acts at the top of a thin spherical shell of F 
mass m and radius R. Find the acceleration of the shell if it rolls without 
slipping. 
Fig. 9.88 
Solution Let f be the force of friction between the shell and the horizontal surface. F 
For translational motion, 
F+f=ma s (1) f 
For rotational motion, Fig. 9.89 
FR — JR =la =12 [a = Ra for pure rolling] 
a ” 
> i car ... (ii) 
Adding Eqs. (i) and (ii), we get 
2F (ms )a-(m+ :mla=3 ma 
R~ 3 3 
5 2 5, 
or F => ma lrs Lina =T mt] 
6 3 
SE 
ms Sm 


Example 5 A solid cylinder of mass mand radius r starts rolling down an inclined plane of inclination ® 
Friction is enough to prevent slipping. Find the speed of its centre of mass when its centre of mass has fallen a 
height h. 

Solution Considering the two shown positions of the cylinder. As it does not 
slip hence total mechanical energy will be conserved. 


Energy at postion | is E, =mgh 


awe z l 
Energy at position 2 is E; = 


mye + l l 2 
S 4 Py R 
3 COM 5 COM 


Fig. 9.90 


3 
mr 


YOCOM 
——=ow and Icon sa 
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3 
> E, -7 mvĉom 


From COE, E, =E, 


[4 
> Yocom =q z 8h 
J 


Example 6 A disc starts rotating with constant angular acceleration of n rad/s? about a fixed axis 
perpendicular to its plane and through its centre. Find : 

(a) the angular velocity of the disc after 4 s. 

(b) the angular displacement of the disc after 4 s and 


Solution Here a=mnrad/s*, @)=0, t=4s 
(a) uy =0+ (rad/s? )x 4s =4nrad/s. 


(b) bay =0+- (mrad/s”) x (16s? ) = 8n rad 


Example 7 A small solid cylinder of radius r is released coaxially from point A 
inside the fixed large cylindrical bowl of radius R as shown in figure. If the friction 
between the small and the large cylinder is sufficient enough to prevent any slipping, 
then find : i 
(a) What fractions of the total energy are translational and rotational, when the Fig. 9.91 
small cylinder reaches the bottom of the larger one? 
(b) The normal force exerted by the small cylinder on the larger one when it is at the bottom. 


Solution (a) Rea 3 mv" 


K trans _ 2 
K 3 
K vot l 

K 3 


(b) From conservation of energy, 


mg (Rr) == m? 

my? A 

R-r 3 s 

Now, N -mg = 2 
R-r 

7 
N=-m 
3 £ 
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Example 8 4 wheel rotates around a stationary axis so that the rotation angle ® varies with time as 
0 =at? where a =0.2radS*. Find the magnitude of net acceleration of the point A at the rim at the moment 


t =2.5s if the linear velocity of the point A at this moment is v = 0.65 m/s. 


Solution Instantaneous angular velocity at time / is 


d, 2 
=— =— (at^) 
dt ( 
or @=2at =0.4t (as a=0.2 rad/s?) 
Further, instantaneous angular acceleration is, 
= sl = z (0.41) 
dt dt 
or a =0.4 rad/s? 
Angular velocity at t=2.5s is 
w=0.4x 2.5=1.0 rad/s 
s v 0.65 _ 
Further, radius of the wheel R=— or R = =0.65m 
(a) i 
Now, magnitude of total acceleration is, 
a=ja? +a? 
Here, a, =Ro* =(0.65)(1.0)? =0.65 m/s” 
and ii a, = Ra=(0.65)(0.4)=0.26 ms? 
a=4 (0.65)? + (0.26) 
or a=0.7 ms” 


Example 9 A solid ball of radius 0.2 m and mass 1 kg is given an instantaneous 


impulse of 50 N-s at point P as shown. Find the number of rotations made by the ball 


about its diameter before hitting the ground. The ball is kept on smooth surface 
initially. 


Fig. 9.93 


Solution Impulse gives translational velocity 


Impulse 


u= 3 along impulse = 50 m/s 


T =time of flight of projectile 
_ 2usin 0 _2x 50x sin 60° 


= ERE Zx 3Oxsin OF SSS sec 
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‘Impulse give angular impulse also 


I l R 
o- muise x 


I 
Impulse x R 
or . o = —— 
2 ð 
= mR~ 
5 
Number of rotations, = EY = 3125v3 
2n 2n 


Level 2 


Example 1 4 solid ball rolls down a parabolic path ABC from a height 


has shown in figure. Portion AB of the path is rough while BC is smooth. À; 
How high will the ball climb in BC? 


Hint In case of pure rolling mechanical energy is conserved. 


— 2 


Fig. 9.94 


Solution At B, total kinetic energy = mgh 


Here, m = mass of ball 


The ratio of rotational to translational kinetic energy would be, 
Kr 2 


Kr 5 
2 5 
Kr =e and Ky =~ 


In portion BC, friction is absent. Therefore, rotational kinetic energy will remain constant and 
translational kinetic energy will convert into potential energy. Hence, if H be the height to which ball climbs in 
BC, then 
: mgH =Kr 


or mgH -2 mgh or H -2 h 


Example 2 A thread is wound around two discs on either sides. The pulley and the 
two discs have the same mass and radius. There is no slipping at the pulley and no 


Jriction at the hinge. Find out the accelerations of the two discs and the angular 
acceleration of the pulley. 


Fig. 9.95 
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Solution Let R be the radius of the discs and T, and T, be the tensions in the left and right segments of the 
rope. 
Tı 


a mg 
Fig. 9.96 
Acceleration of disc 1, 
ai "8-1 (i) 
m 
Acceleration of disc 2, 
a, = mg -T, (ii) 
m 
T,R 27, A 
Angular acceleration of disc 1, a, = = at (iii) 
I l 2 mR 
—mR 
2. 
A R . . 27T, 5 
Similarly, angular acceleration of disc 2, a, TAR ..-(iv) 
m 
Both a, and a, are clockwise. ss 
Angular acceleration of pulley, 
T, -T,)R XT, -T, 
as% 1) oe (v) 
lippi R R R ti) T T2 
ing, a; — a, =a, — Ra, = Ra . (Vi 
A —_— Fig. 9.97 


Solving these equations, we get 


a=0 and a, =a, =— aia 
15% =~ 
Alternate Solution 
As both the discs are in identical situation, 7, =T, and a =0. i.e., each of the discs falls 
independently and identically. Therefore, this is exactly similar to the problem shown in 


figure. Fig. 9.98 


Example 3 4 thin massless thread is wound on a reel of mass 3 kg and OR, 
moment of inertia 0.6 kg-m°. The hub radius is R =10 cmand peripheral 

radius is 2R =20 cm The reel is placed on a rough table and the friction 

is enough to prevent slipping. Find the acceleration of the centre of reel 

and of hanging mass of | kg. 


Fig. 9.99 
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a, =acceleration of centre of mass of reel 
a, =acceleration of 1 kg block 
a = angular acceleration of reel (clockwise) 
T =tension in the string 
and J = force of friction 


Free body diagram of reel is as shown below: (only horizontal forces are shown). 
Equations of motion are : 


Solution Let, 


a 
T- f =3a, .--(i) Qu 
a=- LOR)-T.R _0.2f-OIT _f T wli f ; . 
I I 0.6 3 6 Fig. 9.100 
Free body diagram of mass is, 
Equation of motion is, i ‘i 
10-T =a, ..- (iii) aes at 
For no slipping condition, ; 
a, =2Ra or a, =0.2a (iv) 
and a,=a,-Ra or a, =q -0.la ..-(v) 10N 
Solving the above five equations, we get Fig. 9.101 
a, =0.27 m/s? 
and a, =0.135 m/s? 


Example 4 A solid sphere of radius r is gently placed on a rough 
horizontal ground with an initial angular speed œ; and no linear velocity. 
If the coefficient of friction is p, find the time t when the slipping stops. In 
addition, state the linear velocity v and angular velocity w at the end of 
slipping. 


Solution Let m be the mass of the sphere. 
Since, it is a case of backward slipping, force of friction is 
in forward direction. Limiting friction will act in this case. 


Linear acceleration a= £ =Pre ug Fig. 9.103 
m m 
Angular retardation a=1= Tr a2 ne 
I 2 2,2 F 
— mr 
5 
Slipping is ceased when. v=ro 
or (at)=r (© —ar) 
t 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


50  Mechanics-Il 


> 
or Z Hl =r 


v=at =ugt == rO 
7 
v z 


and W=—- == Mp 
r 7 


Alternate Solution 


Net torque on the sphere about the bottommost point is zero. Therefore, angular momentum of the 
sphere will remain conserved about the bottommost point. 


L,;=L, 
lo =/o+ mrv 
2 > 2 a 
or = mr O == mr-@+ mor) 
> > 
2 >. 
W== Wy and V=rO== rOy 

7 7 


Example 5 4A billiard ball. initially at rest, is given a sharp inipulse by a 
cue. The cue is held horizontally a distance h above the centre line as 
shown in figure. The ball leaves the cue with a speed vy and because of its 
forward english (backward slipping) eventually acquires a final speed 


; Vo. Show that 
4 Fig. 9.104 
h=—R 
5 


where R is the radius of the ball. 


Solution Let wọ be the angular speed of the ball just after it leaves the cue. The maximum friction acts in 


forward direction till the slipping continues. Let v be the linear speed and wthe angular speed when slipping is 
ceased. g 


, 9 

— ae Ai) 
_9V% 

- TR ...(ii) 
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Applying, Linear impulse = change in linear momentum 
ss F dt = MVo ..-(ili) 
Angular impulse = change in angular momentum 
tdt =I 
or Fh dt -< mR? o .--(iv) 
Angular momentum about bottommost point will remain conserved. 
kë L,=L, 
or log + MRvy = 10+ mRv 
2 2 2 2/9 Vo 9 
= mR? Og + mRv, =— mR~ | — — |+—mRv PE A 
5 R os (? R a; 
Solving Eqs. (iii), (iv) and (v), we get 
h -2 R Proved. 


Example 6 Determine the maximum horizontal force F that may be 
applied to the plank of mass m for which the solid sphere does not slip as it 
begins to roll on the plank. The sphere has a mass M and radius R. The 
coefficient of static and kinetic friction between the sphere and the plank 
are, and, respectively. 


Fig. 9.106 
Solution The free body diagrams of the sphere and the plank are as shown below: 
a 
cst Hs Mg ia 
e , — 4 F 
. us Mg 
Fig. 9.107 
Writing equations of motion : 
Li _hsMg _ 
For sphere : Linear acceleration a, = rr = ,2 G) 
; Mg )R 
Angular acceleration a -EMR -Esg i) 
SP 7 
5 
3 F- 
For plank : Linear acceleration a, = fon Mg ...(iii) 
m 
For no slipping : a, =a, + Ra iv) 


Solving the above four equations, we get F =p1,¢ (m + i m) 


Thus, maximum value of F can be pg (m + i m) 


< 
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Example 7 A uniform disc of radius ry lies on a smooth horizontal plane, A similar dise spinning with the 
angular velocity œx is carefully lowered onto the first disc. How soon do both dises spin with the same 
angular-velocity if the friction coefficient between them is equal to p ? 
Solution From the law of conservation of angular momentum. 
lo = 2/0 
Here, /=moment of inertia of each disc relative to common rotation axis 
ee ee ee ee P 
o B steady state angular velocity 

The angular velocity of each disc varies due to the torque tof the friction forces, To calculate t, let us take 


an elementary ring with radii r andr + dr. The torque of the friction forces acting on the given ring is equal to. 
mg ung 
dt -w{ 28) 2nr dr (24 °? dr 


T to 
where m is the mass of each disc. Integrating this with respect to r between 0 and 4, we get 


T E HME 
3 0 


The angular velocity of the lower disc increases by dw over the time interval 
dt -(+) doad 2 |do 
T 4ug 


` à r š 0) 2 A 
Integrating this equation with respect to œbetween 0 and T , we find the desired time 


T 3% Wp 
8ug 
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EXERCISES ed 


AIEEE Corner 


Subjective Questions (Level 1) 


Moment of Inertia 


1. 


Four thin rods each of mass m and length / are joined to make a square. Find moment of inertia of all the 
four rods about any side of the square. 


2. A mass of | kg is placed at (1 m, 2 m, 0). Another mass of 2 kg is placed at (3 m, 4 m, 0). Find moment of 
inertia of both the masses about z-axis. 

3. Moment of inertia of a uniform rod of mass m and length / is = ml? about a line perpendicular to the rod. 
Find the distance of this line from the middle point of the rod. i 

4. Find the moment of inertia of a uniform square plate of mass M and edge a about one of its diagonals. 

5. Radius of gyration of a body about an axis at a distance 6 cm from its centre of mass is 10 cm. Find its 
radius of gyration about a parallel axis through its centre of mass. 

6. Two point masses m, and m, are joined by a weightless rod of length r. Calculate the moment of inertia 
of the system about an axis passing through its centre of mass and perpendicular to the rod. 

7. Linear mass density (mass/length) of a rod depends on the distance from one end (say A) as 
A, =(ax +P) Here, a and fare constants. Find the moment of inertia of this rod about an axis passing 
through A and perpendicular to the rod. Length of the rod is /. 

Angular Velocity 

8. Find angular speed of second’s clock. 

g ng =P — 

9. A particle is located at (3 m, 4 m) and moving with v =(4i —3j)m/s. Find its angular velocity about 
origin at this instant. 

10. Particle P shown in figure is moving in a circle of radius R = 10cm with linear speed v = 21m/s. Find the 


angular speed of particle about point O. 
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11. Two points P and Q, diametrically opposite on a disc of radius R have linear velocities v and 2v as shown 


in figure. Find the angular speed of the disc. 
LA 


2v 


12. Point A ofrod AB (/ =2m)is moved upwards against a wall with velocity v = 2m/s. Find angular speed of 
the rod at an instant when 6 = 60°. 


Torque 


13. A force F = (2i ~ 3j -2k ) Nis acting on a body at point (2 m, 4 m, —2 m). Find torque of this force about 
origin. 

14. A particle of mass m = 1kg is projected with speed u = 20/2 m/s at angle 0 = 45° with horizontal. Find the 
torque of the weight of the particle about the point of projection when the particle is at the highest point. 


15. Point C is the centre of mass of the rigid body shown in figure. Find the total torque acting on the body 
about point C. 


16. Find the net torque on the wheel in figure about the point O if a =10cm and 
b=25cm. 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


CHAPTER 9 Mechanics of Rotational Motion 55 


Rotation of a Rigid Body About a Fixed Axis 
Uniform angular acceleration 


17. 


18. 


19. 


20. 


21. 


22. 


A wheel rotating with uniform angular acceleration covers 50 rev in the first five seconds after the start. 
Find the angular acceleration and the angular velocity at the end of five seconds. 

A wheel starting from rest is uniformly accelerated with œ = 2 rad/s? for 5 s. It is then allowed to rotate 
uniformly for the next two seconds and is finally brought to rest in the next 5 s. Find the total angle 
rotated by the wheel. 

A wheel whose moment of inertia is 0.03 kg m7, is accelerated from rest to 20 rad/s in 5 s. When the external 
torque is removed, the wheel stops in 1 min. Find : 

(a) the frictional torque, (b) the external torque. 


A body rotating at 20 rad/s is acted upon by a constant torque providing it a deceleration of 2rad/s 2 At 
what time will the body have kinetic energy same as the initial value if the torque continues to act ? 


A uniform disc of mass 20 kg and radius 0.5 m can turn about a smooth axis through its centre and 
perpendicular to the disc. A constant torque is applied to the disc for 3 s from rest and the angular velocity. 


at the end of that time is 2g rev/min. Find the magnitude of the torque. If the torque is then removed and 
T 


the disc is brought to rest in ¢ seconds by a constant force of 10 N applied tangentially at a point on the rim 
of the disc, find rf. 


A uniform disc of mass m and radius R is rotated about an axis passing through its centre and 
perpendicular to its plane with an angular velocity œg. It is placed ona rough horizontal plane with the 
axis of the disc keeping vertical. Coefficient of friction between the disc and the surface is u. Find : 
(a) the time when disc stops rotating, 

(b) the angle rotated by the disc before stopping. 


Non-uniform angular acceleration 


23. 


24. 


25. 


26. 


A flywheel whose moment of inertia about its axis of rotation is 16 kg-m? is rotating freely in its own 
plane about a smooth axis through its centre. Its angular velocity is 9 rad s`! when a torque is applied to 
bring it to rest in fg seconds. Find żọ if: 

(a) the torque is constant and of magnitude of 4 Nm, 

(b) the magnitude of the torque after ¢ seconds is given by kt. 

A shaft is turning at 65 rad/s at time zero. Thereafter, angular acceleration is given by 
a =—10 rad/s? —5t rad/s? 


where ż is the elapsed time. 

(a) Find its angular speed at ¢ = 3.0s. 

(b) How far does it turn in these 3s ? 

The angular velocity of a gear is controlled according to @ =12—3r where « in radian per second, is 
positive in the clockwise sense and fis the time in seconds. Find the net angular displacement A9 from the 
time? = Oto t = 3s. Also, find the number of revolutions N through which the gear turns during the 3 s. 

A solid body rotates about a stationary axis according to the law 0 = at - bt?, where a = 6 rad/s and 
b=2rad/s*. Find the mean values of the angular velocity and acceleration over the time interval 
between ¢ = Qand the time, when the body comes to rest. 
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Angular Momentum 
27. A particle of mass 1 kg is moving along a straight line y =x + 4. Both x and y are in metres. Velocity of 
the particle is 2 m/s. Find magnitude of angular momentum of the particle about origin. 


28. A uniform rod of mass m is rotated about an axis passing through point O as shown. Find angular 
momentum of the rod about rotational axis. 


a a. 
wo 


29. A solid sphere of mass m and radius R is rolling without slipping as shown in figure. Find angular 
momentum of the sphere about z-axis. 


y 


oO x 


30. Arodofmass mand length 22 is fixed along the diameter of a ring of same mass m and radius R as shown 
in figure. The combined body is rolling without slipping along x-axis. Find the angular momentum about 
z-axis. 


Ay 


Oo x 


Conservation of Angular Momentum 


31. If radius of earth is increased, without change in its mass, will the length of day 
increase, decrease or remain same? 


32. The figure shows a thin ring of mass M =1kg and radius R = Q4 m spinning about a 
i l 2 
vertical diameter. (Take 7 -5 MR”) A small bead of mass m=0.2 kg can slide 


without friction along the ring. When the bead is at the top of the ring, the angular 
velocity is 5 rad/s. What is the angular velocity when the bead slips halfway to 6 = 45°. 


33. A horizontal disc rotating freely about a vertical axis makes 100 rpm. A small piece of wax of mass 10 g 
falls vertically on the disc and adheres to it at a distance of 9 cm from the axis. If the number of 
revolutions per minute is thereby reduced to 90. Calculate the moment of inertia of disc. 
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34. A man stands at the centre of a circular platform holding his arms extended horizontally with 4 kg block 
in each hand. He is set rotating about a vertical axis at 0.5 rev/s. The moment of inertia of the man plus 
platform is 1.6 kg-m?, assumed constant. The blocks are 90 cm from the axis of rotation. He now pulls 
the blocks in toward his body until they are 15 cm from the axis of rotation. Find (a) his new angular 
velocity and (b) the initial and final kinetic energy of the man and platform. (c) how much work must 
the man do to pull in the blocks ? 


35. A horizontally oriented uniform disc of mass Mand radius R rotates freely about a stationary vertical axis 
passing through its centre. The disc has a radial guide along which can slide without friction a small body 
of mass m. A light thread running down through the hollow axle of the disc is tied to the body. Initially 
the body was located at the edge of the disc and the whole system rotated with an angular velocity ©- 
Then, by means of a force F applied to the lower end of the thread the body was slowly pulled to the 
rotation axis. Find : 

(a) the angular velocity of the system in its final state, 
(b) the work performed by the force F. 


Pure Rolling 


36. Consider a cylinder of mass M and radius R lying on a rough horizontal plane. It has a plank lying on its 
top as shown in figure. A force F is applied on the plank such that the plank moves and causes the 
cylinder to roll. The plank always remains horizontal. There is no slipping at any point of contact. 
Calculate the acceleration of the cylinder and the frictional forces at the two contacts. 


37. Find the acceleration of the cylinder of mass m and radius R and that of plank of mass M placed on 
smooth surface if pulled with a force F as shown in figure. Given that sufficient friction is present 
between cylinder and the plank surface to prevent sliding of cylinder. 


38. In the figure shown a force F is applied at the top of a disc of mass 4 kg and 
radius 0.25 m. Find maximum value of F for no slipping 


p=0.6 
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39. In the figure shown a solid sphere of mass 4 kg and radius 0.25 m is placed on a rough surface. Find : 
(2 =10ms*) 


(a) minimum coefficient of friction for pure rolling to take place. 
(b) Ifu >u aia , find linear acceleration of sphere. 

n T = = wy 
(c) If =—= | find linear acceleration of cylinder. 


Here, u min is the value obtained in part (a). 


Angular Impulse 


40. A uniform rod 48 of length 2/ and mass m is rotating in a horizontal plane about a vertical axis through 4. 
with angular velocity @ when the mid-point of the rod strikes a fixed nail and is brought immediately to 
rest. Find the impulse exerted by the nail. 

41. A uniform rod of length Z rests on a frictionless horizontal surface. The rod is pivoted about a fixed 
frictionless axis at one end. The rod is initially at rest. A bullet travelling parallel to the horizontal surface 
and perpendicular to the rod with speed v strikes the rod at its centre and becomes embedded in it. The 
mass of the bullet is one-sixth the mass of the rod. 

(a) What is the final angular velocity of the rod ? 
(b) What is the ratio of the kinetic energy of the system after the collision to the kinetic energy of the 
bullet before the collision ? a 


42. A uniform rod 48 of mass 3m and length 2/ is lying at rest on a smooth horizontal table with a smooth 
vertical axis through the end 4. A particle of mass 2m moves with speed 2u across the table and strikes 
the rod at its mid-point C. If the impact is perfectly elastic. Find the speed of the particle after impact if: 
(a) it strikes the rod normally, 

(b) its path before impact was inclined at 60° to AC. 


Objective Questions (Level 1) 


Single Correct Option 
1. The moment of inertia of a body does not depend on 
(a) mass of the body (b) the distribution of th i r 
(c) the axis of rotation of the body (d) None of these iai 
2. The radius of gyration of a disc of radius 25 cm is 
(a) 18 cm (b) 12.5 cm (c) 36 cm (d) 50 cm 


3. A shaft initially rotating at 1725 rpm is brought to rest uniformly in 20s. The number of revolutions that 
the shaft will make during this time is 


(a) 1680 (b) 575 (c) 287 (d) 627 
4. A man standing on a platform holds weights in his outstretched arms. The system is rotated about a 
central vertical axis. If the man now pulls the weights inwards close to his body, then 
(a) the angular velocity of the system will increase ie 
(b) the angular momentum of the system will remain constant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


CHAPTER 9 Mechanics of Rotational Motion 59 


(c) the kinetic energy of the system will increase 
(d) All of the above 


5. The moment of inertia ofa uniform semicircular disc of mass M and radius rabout a line perpendicular to 
the plane of the disc through the centre is 


2 l 2 l ya 242 
(a) Mr (b) gae (c) rw (d) 5 Mr 


6. Two bodies A and B made of same material have the moment of inertial in the ratio / ,:/, =16:18 The 
ratio of the masses m 4 :mg is given by 
(a) cannot be obtained (b) 2:3 
(c) 1:1 (d) 4:9 

7. When a sphere rolls down an inclined plane, then identity the correct statement related to the work done 
by friction force 
(a) The friction force does positive translational work 
(b) The friction force does negative rotational work 


(c) The net work done by friction is zero 
(d) All of the above 


8. A circular table rotates about a vertical axis with a constant angular speed œ A circular pan rests on the 
turn table (with the centre coinciding with centre of table) and rotates with the table. The bottom of the 
pan is covered with a uniform thick layer of ice which also rotates with the pan. The ice starts melting. 
The angular speed of the turn table 
(a) remains the same 
(b) decreases 

(c) increases 
(d) may increase or decrease depending on the thickness of ice layer 


9. If R is the radius of gyration of a body of mass M and radius v, then the ratio of its rotational to 
translational kinetic energy in the rolling condition is 

R? R? - 

(a) — ' (b) — 0) — 

R? +r? r R- 


10. A solid sphere rolls down two different inclined planes of the same height but of different inclinations 
(a) in both cases the speeds and time of descend will be same 
(b) the speeds will be same but time of descend will be different 
(c) the speeds will be different but time of descend will be same 
(d) speeds and time of descend both will be different 


(d) 1 


11. For the same total mass which of the following will have the largest moment of inertia about an axis 
passing through the centre of mass and perpendicular to the plane of the body 
(a) a disc of radius R (b) a ring of radius R 
(c) a square lamina of side 2R (d) four rods forming a square of side 2R 


12. A disc and a solid sphere of same mass and radius roll down an inclined plane. The ratio of the friction 
force acting on the disc and sphere is 


7 5 

(a) - b) = 

) z (b) 3 
(c) : (d) depends on angle of inclination 
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13. A horizontal disc rotates freely with angular velocity @ about a vertical axes through its centre. A ring, 
having the same mass and radius as the disc, is now gently placed coaxially on the disc. After some time, 
the two rotate with a common angular velocity. Then 

(a) no friction exists between the disc and the ring 
(b) the angular momentum of the system is conserved 


(c) the final common angular velocity is lo 


(d) All of the above 


14. A solid homogeneous sphere is moving on a rough horizontal surface, partly rolling and partly sliding. 
During this kind of motion of the sphere 
(a) total kinetic energy of the sphere is conserved 
(b) angular momentum of the sphere about any point on the horizontal surface is conserved 


(c) only the rotational kinetic energy about the centre of mass is conserved 
(d) None of the above 


15. A particle of mass m=3kg moves along a straight line 4 y — 3x =2 where x and y are in metre, with 
constant velocity v = 5 ms~'. The magnitude of angular momentum about the origin is 
(a) 12kg m?s~! (b) 6.0kg m?s7! (c) 4.5kg m°s™! (d) 8.0kg m’s7! 
16. A solid sphere rolls without slipping on a rough horizontal floor, moving with a speed v. It makes an 
elastic collision with a smooth vertical wall. After impact, 
(a) it will move with a speed v initially 
(b) its motion will be rolling with slipping initially and its rotational motion will stop momentarily at 
some instant ; 
(c) its motion will be rolling without slipping only after some time 
(d) All of the above 
17. The figure shows a square plate of uniform mass distribution. 44’ and BB’ 
are the two axes lying in the plane of the plate and passing through its 
centre of mass. It /, is the moment of inertia of the plate about Ad’ then its 
moment of inertia about the BB’ axis is 


(a) J, (b) J, cos 6 
(c) I, cos” 0 (d) None of these 
18. A spool is pulled horizontally on rough surface by two equal and 
opposite forces as shown in the figure. Which of the following m F 
statements are correct? $ es 
(a) The centre of mass moves towards left FaN 
(b) The centre of mass moves towards right ‘ 
(c) The centre of mass remains stationary Rough 


(d) The net torque about the centre of mass of the spool is zero 


19. Two identical discs are positioned on a vertical axis as shown in the figure. The bottom 


disc is rotating at angular velocity wọ and has rotational kinetic energy Ky.Thetopdisc ¢ ég | Pe 
is initially at rest. It then falls and sticks to the bottom disc. The change in the rotational 

kinetic energy of the system is 

(a) Ko/2 (b) -Ko/2 , 


(c) -Ko/4 (d) Ky/4 wr 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 
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The moment of inertia ofhollow sphere (mass M) of inner radius R and outer radius 22, having material 
of unitorm density, about a diametric axis is 


(a) 31.R7/70 (b) 43 MR`/90 (c) 19 MR? /80 (d) None of these 


A rod ofuniform cross-section of mass M and length Lis hinged about an end to swing freely in a vertical 

plane, However, its density is non uniform and varies linearly from hinged end to the free end doubling 

its Value, The moment of inertia of the rod, about the rotation axis passing through the hinge point is 
ML 3ML 7ML 

(a) 3 (b) = (c) a (d) None of these 


Let J, and 7, be the moment of inertia of a uniform square plate about axes 
shown in the figure. Then the ratio /,:/, is 


2 
O ks (b) Ls 
EERI , 
O LG (d) 1:7 


Moment of inertia of a uniform rod of length Land mass M, about an axis passing through L/4 from one 


end and perpendicular to its length is 

er 7 72 112 ML 
a) — ML b) — MD >) — ME d) — 
hal © zs at HaT 


A uniform rod of length Lis free to rorate in a vertical plane about a fixed horizontal 
axis through B. The rod begins rotating from rest. The angular velocity wat angle 6 is 
given as 


(a) (s) sin Í (b) (s) cos !: 
(c) Ga sin 8 (d) (£) cos 8 


Two particles of masses m and m, are connected by a light rod of length rto constitute a dumb-bell. The 


moment of inertia of the dumb-bell about an axis perpendicular to the rod passing through the centre of 
mass of the two particles is 
s l 
m mar” 


mmr? 
(b) (m +m yr? (ce) 


5 
(d) Gm =m, ) r7 
m +m m =m 


Find moment of inertia of a thin sheet of mass M in the shape of an equilateral 
triangle about an axis as shown in figure. The length of each side is L 


(a) ML 18 (b) 3ML /8 
(c) 7ML*/8 (d) None of these 
A square is made by joining four rods each of mass M and length L Its moment of inertia P 
about an axis PQ, in its plane and passing through one of its corner is 145° 
(a) 6 MIP (b) : ME i 
ə 1 
' 
(c) È ME (a) Pme i Å- 
3 3 Q 
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28. 


29. 


30. 


A thin rod of length 4/, mass 4 m is bent at the points as shown in the figure. What is the moment ofinertia 
of the rod about the axis passing through O and perpendicular to the plane of the paper? 


f0) 
l 90° l 90° 


ml? ! 10ml? ml? ml? 
5 z (a) ™— 
(a) (b) (0) z 


! 

The figure shows two cones A and B with the conditions : h4 </g; P4 >P sa; 
R4 =Rg m4 =mp. Identify the correct statement about their axis of symmetry. 
(a) Both have same moment of inertia 
i i 
I 


(b) A has greater moment of inertia 

(c) B has greater moment of inertia 

(d) Nothing can be said 

Linear mass density of the two rods system, AC and CB is x. Moment of inertia 
of two rods about an axis passing through AB is 


xP xl 
Z b ea 
” 4/3 ©) J2 
xP xP 
a a) 
s i 6V2 


JEE Corner 


Assertion and Reason 


Directions: Choose the correct option. 


(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 


(d) If Assertion is false but the Reason is true. 


1. Assertion : Moment of inertia of a rigid body about any axis passing through its centre of mass is 
minimum. 
Reason : From theorem of parallel axis, 
> 
T=1,,,+ Mr“ 
2. Assertion : A ball is released on a rough ground in the condition shown in figure. It Ç 
will start pure rolling after some time towards left side. 
Reason : Friction will convert the pure rotational motion ofthe ball into pure rolling. man 
3. Assertion : A solid sphere and a hollow sphere are rolling on ground with same total kinetic energies. If 


translational kinetic energy of solid sphere is K, then translational kinetic energy of hollow sphere 
should be greater than K. 
Reason : In case of hollow sphere rotational kinetic energy is less than its translational kinetic energy. 
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4. Assertion : A small ball is released from rest from point A as shown. Ifbowlis A 
smooth than ball will exert more pressure at point B, compared to the situation if 
bowl is rough. 
Reason : Linear velocity and hence, centripetal force in smooth situation is B 
more. 


5. Assertion : A cubical block is moving on a rough ground with velocity vo. 
During motion net normal reaction on the block from ground will not pass i = 
through centre of cube. It will shift towards right. m : 
Reason : It is to keep the block in rotational equilibrium. 


6. Assertion : A ring is rolling without slipping on a rough ground. It strikes 
elastically with a smooth wall as shown in figure. Ring will stop after some 
time while travelling in opposite direction. 

Reason : Net angular momentum about an axis passing through bottommost 
point and perpendicular to plane of paper is zero. 


7. Assertion : There is a thin rod AB and a dotted line CD. All the axes we are talking about are 
perpendicular to plane of paper. As we take different axes moving from A to D, moment of inertia of the 
rod may first decrease then increase. 


Reason : Theorem of perpendicular axis cannot be applied here. 


8. Assertion : If linear momentum ofa particle is constant, then its angular momentum about any axis will 
also remain constant. 


z 
Reason : Linear momentum remain constant, if F e =0 and angular momentum remains constant if 
> 
Tnet =O. A 

9. Assertion : In the figure shown, A, B and C are three points on the circumference RS 

A g B ` —— V 
of a disc. Let v4 , Vg and vç are speeds of these three points, then 


Vo >Vg > V4 


Reason : In case ofrotational plus translational motion ofa rigid body, net speed of any point (other than 
centre of mass) is greater than, less than or equal to the speed of centre of mass. 


10. Assertion : There is a triangular plate as shown. A dotted axis is lying in the plane of slab. As the axis is 
moved downwards, moment of inertia of slab will first decrease then increase. 


poe 


Reason : Axis is first moving towards its centre of mass and then it is receding from it. 
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11. 


Objective Questions (Level 2) 


Single Correct Option 
i 


. From a uniform square plate of side a and mass m, a square portion DEFG of side = 


Assertion : A horizontal force F is applied at the centre of solid sphere placed 

over a plank. The minimum coefficient of friction between plank and sphere —F 
required for pure rolling isp, when plank is kept at rest and p , when plank can 

move, then p, <p. = — — 
Reason : Work done by frictional force on the sphere in both cases is zero. 


In the given figure a ring of mass mis Kept on a horizontal surface 
while a body of equal mass mis attached through a string, which is 
wounded on the ring. When the system is released, the ring rolls 
without slipping. Consider the following statement and choose 
the correct option. 


~(i) acceleration of the centre of mass of ring is = 


(ii) acceleration of hanging particle is = 


(iii) frictional force (on the ring) acts in forward direction 
(iv) frictional force (on the ring) acts in backward direction 


(a) statement (i) and (ii) only are correct (b) statement (ii) and (iii) only are correct 
(c) statement (iii) and (iv) only are correct (d) None of these 
. A solid sphere of mass 10 kg is placed on rough surface having coefficient of, _ 7) 
friction p =0.L A constant force F =7N is applied along a line passing a 
through the centre of the sphere as shown in the figure. The value of frictional 
force on the sphere is eee! 
(a) 1N (b) 2N p=0.1 


(c) 3N (d) 7N 


is removed. Then, the moment of inertia of remaining portion about the axis AB is 


Ima? 3ma? 
b 
(a) F (b) T 
3ma? 9ma 
d 
7 OG 


A small solid sphere of mass mand radius rstarting from rest from the rim ofa 
fixed hemispherical bowl of radius R(> >r) rolls inside it without sliding. 
The normal reaction exerted by the sphere on the hemisphere when it reaches 
the bottom of hemisphere is 


(a) (3/7) mg (b) (9/7) mg 
(c) (13/7) mg (d) (17/7) mg F P 
. A uniform solid cylinder of mass mand radius R is placed on a rough horizontal 
surface. A horizontal constant force F is applied at the top point P of the cylinder 
so that it starts pure rolling. The acceleration of the cylinder is 
(a) F/3m (b) 2F/3m 
(c) 4F/3m (d) 5F/3m 
Vn 
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- In the above question, the frictional force on the cylinder is 
(a) F/3 towards right (b) F/3 towards left 
(c) 2F/3 towards right (d) 2F/3 towards left 


- A small pulley of radius 20 cm and moment of inertia 0.32 kg -m? is used to hang a 2 kg 
mass with the help of massless string. If the block is released, for no slipping condition 
acceleration of the block will be 

(a) 2 m/s? 
(b) 4 m/s? 
(c) 1 m/s? 
(d) 3 m/s” 


: A uniform circular disc of radius R is placed on a smooth horizontal surface with 
its plane horizontal and hinged at circumference through point O as shown. An 


impulse P is applied at a perpendicular distance h from its centre C. The value of 
h so that the impulse due to hinge is zero, is 


(a) R (b) R/2 Ẹ 
(c) R/3 (d) R/4 
- A rod is supported horizontally by means of two strings of equal length as 


shown in figure. If one of the string is cut. Then tension in other string at 
the same instant will 


(a) remain unaffected 

(b) increase 

(c) decrease 

(d) become equal to weight of the rod 


10. The figure represents two cases. In first case a block of mass M is attached to a 
string which is tightly wound on a disc of mass M and radius R: In second case 
F = Mg. Initially, the disc is stationary in each case. If the same length of string 
is unwound from the disc, then 
(a) same amount of work is done on both discs 
(b) angular velocities of both the discs are equal 
(c) both the discs have unequal angular accelerations 
(d) All of the above 


11. A uniform cylinder of mass M and radius R is released from rest on a rough 
inclined surface of inclination 6 with the horizontal as shown in figure. As the 
cylinder rolls down the inclined surface, the maximum elongation in the spring 


Mg 


of stiffness k is 
(a) 3 Mg sin 0 (b) 2 Mg sin 8 
4 k k 
(c) ont (d) None of these 


12. A uniform rod of mass m and length / rotates in a horizontal plane with an angular velocity wabout a 
vertical axis passing through one end. The tension in the rod at a distance x from the axis is 


l a? M E a lwo} @ 4 “fi-3) 
(a) zmurx (b) 7m Gea (c) 5m f: =) (d) z "O ; 
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13. A rod of length 1m rotates in the xy plane about the fixed point O in the 


n 
anticlockwise sense, as shown in figure with velocity œ=a + bt where ` ! ) A 
a=10rads~! and b=Srads 7. The velocity and acceleration of the point G=========---> 


és x 
Aatt =0is . 7 te 
(a) +10i ms”! and + 5i ms~? (b) +10j ms“! and (— 100i + 5j) ms~? 
(c) —10jms~! and (100i + 5j) ms~? (d) —10j ms~! and —5j ms~? 
14. A ring of radius R rolls on a horizontal surface with constant acceleration a of ME, 
the centre of mass as shown in figure. If œ is the instantaneous angular i a 


velocity of the ring, then the net acceleration of the point of contact of the ring i A 
with ground is l 


(a) zero (b) w*R (c) a (d) Ja? +(@?R)? 


15. The density ofa rod AB increases linearly from A to B. Its midpoint is Oand its centre of mass is at C. 
Four axes pass through A, B,O and C, all perpendicular to the length of the rod. The moments of 
inertia of the rod about these axes are Z 4 , I} , lọ and Iç respectively. Then 
(a) I4 >Ip (b) Ic <I, (c) Io > Ic (d) All of these 

16. The figure shows a spool placed at rest on a horizontal rough surface. A tightly would 
string on the inner cylinder is pulled horizontally with a force F. Identity the correct 
alternative related to the friction force f acting on the spool 
(a) facts leftwards with f<F 
(b) facts leftwards but nothing can be said about its magnitude ' 


(c) f <F but nothing can be said about its magnitude 
(d) None of the above 


17. Acircular ring of mass mand radius R rests flat on a horizontal smooth surface 
as shown in figure. A particle of mass m, and moving with a velocity v, collides 


inelastically (e = 0) with the ring. The angular velocity with which the system 
rotates after the particle strikes the ring is 


(a) = (b) a 
2v 3v 
OF oz 


18. 


A stationary uniform rod in the upright position is allowed to fall on a smooth horizontal 


surface. The figure shows the instantaneous position of the rod. Identity the correct 
statement. 


(a) normal reaction N is equal to Mg 
(b) N does positive rotational work about the centre of mass 


(c) acouple of equal and opposite forces acts on the rod 
(d) All of the above 


r 
' 
! 
I 
I 
I 
I 
' 
I 
1 


Smooth l 
N 

19. A thin uniform rod of mass mand length /is free to rotate about its upper end. When it is at rest. It 
receives an impulse J at its lowest point, normal to its length. Immedi 
(a) the angular momentum of the rod is J/ 

(b) the angular velocity of the rod is 3//ml 

(c) the kinetic energy of the rod is 3J? /2m 

(d) All of the above 


ately after impact 
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20. A rectangular block of size (b x h) moving with velocity v, enters on a rough k 2 EE 
surface where the coefficient of friction is u as shown in figure. Identify the ae 
correct statement. Smooth Rough (p) 
(a) The net torque acting on the block about its COM is p mg A “eat 


(b) The net torque acting on the block about its COM is zero 


(c) The net torque acting on the block about its COM is in the anticlockwise sense 
(d) None of the above 


21. A uniform rod of length Land mass mis free to rotate about a frictionless. pivot at 
one end as shown in figure. The rod is held at rest in the horizontal position and a 


coin of mass mis placed at the free end. Now the rod is released. The reaction on the 
coin immediately after the rod starts falling is 


(a) k (b) 2 mg 
(c) zero (d) m 


22. A spool is pulled at an angle 0 with the horizontal on a rough horizontal 
surface as shown in the figure. If the spool remains at rest, the angle Ois 


equal to 
(a) cos”! (2) (b) sin™' -5 
r R? 
oth TE 
(c) m—cos (z) i (d) sin (z) 


23. Uniform rod AB is hinged at end A in horizontal position aş shown in the 
figure. The other end is connected to a block through a massless string as 
shown. The pulley is smooth and massless. Mass of block and rod is same - 
and is equal to m. Then acceleration of block just after release from this 


SÀ 4 
` position is P ERL yer 
(a) 6g/13 (b) g/4 — 


(c) 3g/8 ș ` ~“ (d) None of these 
24. A cylinder having radius 0.4 m, initially rotating (at ż = 0) with @y = 54 rad/sec is 
placed on a rough inclined plane with 6 = 37° having friction coefficient u =0.5. The 
time taken by the cylinder to start pure rolling i is (g =10m/s?) ` 
(a) 5.4s i (b) 1.2s 
(c) 1.4s l , (d) 1.8s > 
A disc of mass M and radius R is rolling purely with center’s velocity vy on a flat horizontal floor 


when it hits a step in the floor of height R/4. The corner of the step is sufficiently rough to prevent 
any slipping of the disc against itself. What is the velocity of the centre of the disc just after impact? 


25. 


i l 
» . ER, 

(a) 4v,/5 (b) 4v9/7 

(c) 5v/6 . . (d) None of these 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. A particle moves parallel to x-axis with constant velocity vas shown in 


Mechanics-ll 


A solid sphere is rolling purely on a rough horizontal surface (coetficient of 
kinetic friction =p) with speed of centre = u. It collides inelastically with a 
smooth vertical wall at a certain moment, the coefficient of restitution being 


$ The sphere will begin pure rolling after a time 


3 $ 3 2u 
9 i () — (d) — 
Tug Tug Spg Sug 


A thin hollow sphere of mass mis completely filled with non viscous liquid of mass m. When the sphere 
roll-on horizontal ground such that centre moves with velocity v, kinetic energy of the system is equal to 


(a) mv? (b) Ím? (c) 4 av (d) None of these 
3 > 


A solid uniform disc of mass m rolls without slipping down a fixed inclined plank with an 
acceleration a. The frictional force on the disc due to surface of the plane is 


(a) ima (b) sma (c) ma (d) ima 


A uniform slender rod of mass m and length L is released from rest, with its lower end touching a 
frictionless horizontal floor. At the initial moment, the rod is inclined at an angle 6 = 30° with the vertical. 
Then the value of normal reaction from the floor just after release will be 


(a) 4mg/7 (b) 5mg/9 (c) 2mg/5 (d) None of these 
In the above problem, the initial acceleration of the lower end of the rod will be 

(a) ¢V3/4 (b) gV3/5 (c) 3¢V3/7 (d) None of these 
A disc of radius R is rolling purely on a flat horizontal surface, with a constant angular 
velocity. The angle between the velocity and acceleration vectors of point P is Pd 
(a) zero nis (b) 45° 

(c) tan™! (2) j (d) tan™' (1/2) 


A straight rod 4B of mass M and length Lis placed on a frictionless horizontal surface. A force having 
constant magnitude F and a fixed direction starts acting at the end A. The rod is initially perpendicular to 
the force. The initial acceleration of end B is 

(a) zero -> (b) 2F/M (c) 4F/M (d) None of these 

In the figure shown, the instantaneous speed of end A of the rod is vto the left. The angular velocity of the 
rod of length L must be 


(a) v/2L (b) WL 


2v 
‘aye 
a 


the figure. The angular velocity of the particle about the origin O 
(a) remains constant 

(b) continuously increases 

(c) continuously decreases 

(d) oscillates 
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35. A thin uniform rod of mass M and length L is hinged at its upper end, and released from rest from a 
horizontal position. The tension at a point located at a distance L/3 from the hinge point, when the rod 
becomes vertical, will be 

(a) 22 Mg/27 (b) 11 Mg/13 (c) 6 Mg/11 (d) 2 Mg 

36. A uniform tod AB of length Land mass mis suspended freely at A and hangs vertically at 
rest when a particle of same mass mis fired horizontally with speed vto strike the rod at 

its mid point. If the particle is brought to rest after the impact. Then the impulsive 

reaction at A in horizontal direction is 
(a) mv/4 (b) mv/2 

(c) mv (d) 2 mv 

A child with mass mis standing at the edge of a merry go round having moment of 

inertia /,radius R and initial angular velocity œas shown in the figure. The child jumps 


off the edge of the merry go round with tangential velocity v with respect to the ground. 
The new angular velocity of the merry go round is 


37. 


I 2 = 2 R? 2 c 2 
(a) (a) = (b) (1 + mR* )o -mv 
I 
Io- mvR Houn I+mR?)o-mR 
(c) = (d) (J + mR* )o- mv. 


I 
38. A disc of radius R is spun to an angular speed @, about its axis and then 


: ‘ n3 R : 
imparted a horizontal velocity of magnitude as The coefficient of 


friction is u. The sense of rotation and direction of linear velocity are shown 
in the figure. The disc wil] return to its initial position 
(a) if the value ofu <0.5 (b) irrespective of the value of y 
(c) if the value of 0.5<p<1 (d) ifp>l 

39. A racing car is travelling along a straight track at a constant velocity of 
40 m/s. A fixed TV camera is recording the event as shown in figure. In order 
to keep the car in view, in the position shown, the angular velocity of camera 
should be 
(a) 3 rad/s 
(b) 2 rad/s 
(c) 4 rad/s 
(d) 1 rad/s 


40. A uniform rod OA of length /, resting on smooth surface is slightly distributed 
from its vertical position. P is a point on the rod whose locus is a circle during the 
subsequent motion of the rod. Then the distance OP is equal to 

(a) 1/2 
(b) 1/3 
(c) 1/4 
(d) there is no such point 
41. Inthe above question, the velocity of end O when end 4A hits the ground is 
(a) zero 
(b) along the horizontal " 
(c) along the vertical 
(d) at some inclination to the ground (¥ 90° ) 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


70 Mechanics- 


42. Inthe above question, the velocity of end A at the instant it hits the ground is 
(a) /3g/ (b) /12g/ (c) /6g/ (d) None of these 


43. A solid sphere of mass mand radius R is gently placed on a conveyer belt moving with constant velocity 
vo. If coefficient of friction between belt and sphere is 2/7, the distance traveled by the centre of the 
sphere before it starts pure rolling is 


cp Vo 
MRE 
2 2 2 2 
2 2 2v 
@ 2 m paa a2 
Tg 49g 5g 7g 


Passage : (Q. No. 44 to 47) 


A uniform rod of mass mand length / is pivoted at point O. The rod is 
initially in vertical position and touching a block of mass M which is at 
rest on a horizontal surface. The rod is given a slight jerk and it starts 
rotating about point O. This causes the block to move forward as shown. 
The rod loses contact with the block at 6 = 30°. All surfaces are smooth. 
Now answer the following questions. 
` 44. The value of ratio M/m is 
(a) 2:3 (b) 3:2 (c) 4:3 (d) 3:4 
45. The velocity of block when the rod loses contact with the block is 


Sel 6gl ` 
(a) ie (b) es (c) sea (d) vial 


4 F 
46. The acceleration of centre of mass of rod, when it loses contact with the block is 
(a) 5g/4 (b) 5g/2 (c) 3g/2 (d) 3g/4 
47. The hinge reaction at O on the rod when it loses contact with the block is 
i 3mg 2.3 "ej mg )- mg 2. + 
—= (i+ — c) | — Ji L EN 
(a) r (i+ j) OE j @(% (d) 7 ard 


Passage : (Q. No. 48 to 50) 


Consider a uniform disc of mass m, radius r, rolling without slipping on a rough surface with linear 


acceleration a and angular acceleration a due to an external force F as shown in the figure. Coefficient of 
friction is p 


48. The work done by the frictional force at the instant of pure rolling is 
mgat š 
(a) m= (b) pmgat? (c) pmg a (d) zero 

a 


49. The magnitude of frictional force acting on the disc is 


(a) ma (b) umg (c) K (d) zero 
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50. Angular momentum of the disc will be conserved about 
(a) centre of mass 


(b) point of contact 
(c) a point at a distance 3R/2 vertically above the point of contact 
(d) a point at a distance 4R/3 vertically above the point of contact 


Passage : (Q. No. 51 to 53) 


A tennis ball, starting from rest, rolls down the hill in the drawing. At the end of the hill the ball becomes 


airborne, leaving at an angle of 37° with respect to the ground. Treat the ball as a thin-walled spherical 
shell. 


51. The velocity of projection vis 


(a) /2gh (b) J— Pgh i (c) à gh a) Sgn 
52. a a height reached by si above ground is eh a, 

a? — ) eo ier 
53. =~ x of the ball is m Pa 74 

(a) = sad (b) = h (c) ae h (d) a, h 


More than One Correct Options 


1. A mass mof =s r is rolling horizontally without any slip with a linear speed v. It then rolls up to a 
y? 


height given by= =— 
4 g 


(a) the body is identified to be a disc or a solid cylinder 
(b) the body is a solid sphere 


(c) moment of inertia of the body about instantaneous axis of rotation is a mr? 
(d) moment of inertia of the body about instantaneous axis of rotation is d mr? 


- Four identical rods each of mass mand length / are joined to form a rigid square frame. The frame lies in 


the xy plane, with its centre at the origin and the sides parallel to the x and y axes. Its moment of inertia 
about 


(a) the x-axis is : ml? 
(b) the z-axis is $mi 


(c) an axis parallel to the z-axis and passing through a corner is L m? 


(d) one side is > ml 2 
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: B 
3. A uniform circular ring rolls without slipping on a horizontal surface. At any (a 


instant, its position is as shown in the figure. Then 

(a) section ABC has greater kinetic energy than section ADC 
(b) section BC has greater kinetic energy than section CD 

(c) section BC has the same kinetic energy as section DAS a acisiated o hiiia 
(d) the sections CD and DA have the same kinetic energy 


4. A cylinder of radius R is to roll without slipping between two planks as shown 
in the figure. Then . ' 


: 7 i. : 
(a) angular velocity of the cylinder is R counter clockwise 


! 
I 
I 
peV 
AY ome © 
| 


—>y 


(b) angular velocity of the cylinder is = clockwise 


(c) velocity of centre of mass of the cylinder is v towards left 
(d) velocity of centre of mass of the cylinder is 2v towards right 
5. A uniform rod of mass m= 2 kg and length / = 0.5 mis sliding along two 


mutually perpendicular smooth walls with the two ends P and Q having Q 

velocities vp =4 m/s and vg =3 m/s as shown. Then 

(a) The angular velocity of rod, œ = 10 rad/s, counter clockwise owes 

(b) The angular velocity of rod, œ = 5.0 rad/s, counter clockwise Q 

(c) The velocity of centre of mass of rod, v,,, = 2.5 m/s P 


(d) The total kinetic energy of rod, K = 2 joule 


6. A wheel is rolling without slipping on a horizontal plane with velocity v and Pee 
acceleration a of centre of mass as shown in figure. Acceleration at 
(a) A is vertically upwards 
(b) B may be vertically downwards 
(c) C cannot be horizontal i SARS 
(d) a point on the rim may be horizontal leftwards m 
7. A uniform rod of length / and mass 2 m rests on a smooth horizontal table. A 
point mass m moving horizontally at right angles to the rod with velocity v collides with one end of the 
rod and sticks it. Then 


(a) angular velocity of the system after collision is J 


(b) angular velocity of the system after collision is zJ 


2 
(c) the loss in kinetic energy of the system as a whole as a result of the collision is Y — 
6 


2 
(d) the loss in kinetic energy of the system as a whole as a result of the collision is Iaw”, 
24 


8. A nonuniform ball of radius R and radius of gyration about geometric centre = R/2, is kept on a 
frictionless surface. The geometric centre coincides with the centre of mass. The ball is struck 
horizontally with a sharp impulse =J. The point of application of the impulse is at a height » above the 


surface. Then 
(a) the ball with slip on surface for all cases (b) the ball will roll purely if h =5R/4 
(c) the ball will roll purely if h =3R/2 (d) there will be no rotation if h =R 
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9. A hollow spherical ball is given an initial push up an incline of inclination angle a. The ball rolls purely. 
Coefficient of static friction between ball and incline =p. During its upwards journey 
(a) friction acts up along the incline (b) pp =2 tan a/5 
(c) friction acts down along the incline (d) p =>2 tan a/7 


10. A uniform disc of mass m and radius R rotates about a fixed vertical axis passing through its centre with 


angular velocity œ. A particle of same mass m and having velocity of 2oR towards centre of the disc 
collides with the disc moving horizontally and sticks to its rim. 

(a) The angular velocity of the disc will become «/3 

(b) The angular velocity of the disc will become 5w/3 


(c) The impulse on the particle due to disc is 437 moR 


(d) The impulse on the particle due to disc is 2maR 


The end B of the rod AB which makes angle @ with the floor is being pulled y 
with a constant velocity vg as shown. The length of the rod is /. A 


(a) At 0 =37° velocity of end A is z vo downwards 


11. 


(b) At 0 =37° angular velocity of rod is = 


Vi 
(c) Angular velocity of rod is constant fo) = x 
(d) Velocity of end A is constant 
Match the Columns 


1. A solid sphere, a hollow sphere and a disc of same mass and same radius are released from a rough 


inclined plane. All of them rolls down without slipping. On reaching the bottom of the plane, match the 
two columns. 


Column I ae ‘Column II 
(a) time taken to reach the bottom (p) maximum for solid sphere 
(b) total kinetic energy (q) maximum for hollow sphere 
(c) rotational kinetic energy (r) maximum for disc 
(d) translational kinetic energy _{(s)_ same forall 


2. A solid sphere is placed on a rough ground as shown. £E is the centre of ‘ 
sphere and DE > EF. We have to apply a linear impulse either at point ' 


3 AS: 
A, B or C. Match the following two columns. nD 
DAE ISSR SESEEEE Bias +E 
t I 
Column I i Column II J 
f C aG 
(a) Sphere will acquire maximum! (p) A ' 
angular speed it impulse is applied peepee 
at 


(b) Sphere will acquire maximum|(q) B 
linear speed it impulse is applied 
at 

(c) Sphere can roll without slipping ‘dns G 
impulse is applied at 

(d) Sphere can roll with forward|(s) atany point A, B 
slipping if impulse is applied at or C 
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3. The inclined surfaces shown in column I are sufficiently rough. In column II direction and magnitudes of 
frictional forces are mentioned. Match the two columns. 


Column I Column IT 


(a) Me (p) upwards 


Rolling upwards 


/ 
(b) (q) downwards 


Kept in rotating position 


(c) / (r) maximum friction will act 


Kept in translational position 


(d) Z (s) required value of friction will 


act 


Kept in translational position 


4. A rectangular slab ABCD have dimensions a x 2aas shown in figure. Match the following two columns. 


Column I Column II 
(a) Radius of gyration about axis-1 (p) nie 
v12 
4 
(b) Radius of gyration about axis-2 —_|(q) = 
(c) Radius of gyration about axis-3 |(r) 5 


(d) Radius of gyration about axis-4 (s) None 


5, A small solid ball rolls down along sufficiently rough surface from 
1 to 3 as shown in figure. From point-3 onwards it moves under 
gravity. Match the following two columns. 
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Column I Column. 


| l 
(a) Rotational kinetic energy |(p) 7 mgh 
of ball at point-2 i 


i] 
2 
(b) Translational kinetic o = mgh 
energy of ball at point-3 
i. © 
(c) Rotational kinetic energy (r) = mgh 
of ball at point-4 | . 
(d) Translational kinetic \(s) None 
energy of ball at point-4 | 


6. A uniform disc of mass 10 kg, radius 1 m is placed on a rough horizontal surface. The co-efficient of 
friction between the disc and the surface is 0.2. A horizontal time varying 
the disc whose variation with time is shown in graph. 

F(N) 


t(s) 


Column I Column I 
(a) Disc rolls without slipping |(p) att=7s 
(b) Disc rolls with slipping (q) att=3s 
(c) Disc starts slipping at lo att=4s 
(d) Friction force is 10 N at (s) None 


7. Match the columns. 


force is applied on the centre of 


Column I -Coum I 


MR? 
(a) Moment of inertia of a circular|(p) —— 
disc of mass M and radius R about 2 
a tangent parallel to plane of disc 


(b) Moment of inertia of a solid|(q) 1 MR? 
sphere of mass M and radius R 5 
about a tangent 


(c) Moment of inertia of a circular|(r) — 
disc of mass M and radius R about 4 
a tangent perpendicular to plane of 
disc 


(d) Moment of inertia of a cylinder of| (s) 2 MR? 
mass M and radius R about its axis 2 
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Subjective Questions (Level 2) 


1. Figure shows three identical yo-yos initially at rest on a horizontal surface. For each yo-yo the string is 
pulled in the direction shown. In each case there is sufficient friction for the yo-yo to roll without 
slipping. Draw the free-body diagram for each yo-yo. In what direction will each yo-yo rotate ? 


F 


2. A uniform rod of mass m and length / is held horizontally by two vertical 
strings of negligible mass, as shown in the figure. 
(a) Immediately after the right string is cut, what is the linear acceleration $ 
of the free end of the rod ? 
(b) Of the middle of the rod ? 
(c) Determine the tension in the left string immediately after the right string 
is cut. 
3. A solid disk is rolling without slipping on a level surface at a constant speed of 2.00 m/s. How far can it 
roll up a 30° ramp before it stops? (Take g = 9.8 m/s”) 
4. A lawn roller in the form of a thin-walled hollow cylinder of mass M is pulled horizontally with a 
constant horizontal force F applied by a handle attached to the axle. If it rolls without slipping, find the 
acceleration and the friction force. 


5. Due to slipping, points A and B on the rim of the disk have the velocities shown. Determine the velocities 
of the centre point C and point F at this instant. 


F vw=1.5 m/s 


6. A uniform cylinder of mass M and radius R has a string wrapped around it. The 
string is held fixed and the cylinder falls vertically, as in figure. 


(a) Show that the acceleration of the cylinder is downward with magnitude 
2 
a=—. 


3 
(b) Find the tension in the string. 


7. A uniform disc of mass M and radius R is pivoted about the horizontal axis through K 


its centre C. A point mass m is glued to the disc at its rim, as shown in figure. Ifthe 
system is released from rest, find the angular velocity of the disc when m reaches 
the bottom point B. 


me eC 
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10. 


11. 


12. 
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. A disc of radius R and mass m is projected on to a horizontal floor with a backward spin such that its 


centre of mass speed is vg and angular velocity is œ. What must be the minimum value of @, so that the 
disc eventually returns back? 


. A ball ofmass m and radius r rolls along a circular path of radius R. Its speed at the bottom (0 = 0° )of the 


path is v9. Find the force of the path on the ball as a function of 6. 


A heavy homogeneous cylinder has mass m and radius R. It is 
accelerated by a force F, which is applied through a rope wound 
around a light drum of radius r attached to the cylinder (figure). The 
coefficient of static friction is sufficient for the cylinder to roll without 
slipping. 

(a) Find the friction force. 

(b) Find the acceleration a of the centre of the cylinder. 


(c) Is it possible to choose r, so that a is greater than a ? How ? 
m 


(d) What is the direction of the friction force in the circumstances of part (c) ? 
A man pushes a cylinder of mass m, with the help of a plank of mass m, as shown. There is no slipping at 
any contact. The horizontal component of the force applied by the man is F. Find : 


(a) the acceleration of the plank and the centre of mass of the cylinder and 
(b) the magnitudes and directions of frictional forces at contact points. 


For the system shown in figure, M = 1kg, m = 0.2kg, r = 0.2 m. 
Calculate : (g = 10m/s? ) 


(a) the linear acceleration of hoop, 
(b) the angular acceleration of the hoop of mass M and 
(c) the tension in the rope. 


Note Treat hoop as the ring. Assume no slipping between string and 


13. 


hoop. 


A cylinder of mass m is kept on the edge of a plank of mass 2m and 7 ws 
length 12 m, which in turn is kept on smooth ground. Coefficient of m 
friction between the plank and the cylinder is 0.1. The cylinder is given E 


an impulse, which imparts it a velocity 7 m/s but no angular velocity. 
Find the time after which the cylinder falls off the plank. (g =10m/s° ) 
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14. The9 kg cradle is supported as shown by two uniform disks that roll 
without sliding at all surfaces of contact. The mass of each disk is 
m= 6kg and the radius of each disk is r= 80mm. Knowing that the 
system is initially at rest, determine the velocity of the cradle after it 
has moved 250 mm. 


15. The disc of the radius R is confined to roll without slipping at A and B. If the plates have the velocities 
shown, determine the angular velocity of the disc. 


16. A thin uniform rod AB of mass m=1kg moves translationally with acceleration a = 2m/s? due to two 


antiparallel forces F, and F,. The distance between the points at which these forces are applied is equal 
to /=20cm. Besides, it is known that F, = 5N. Find the length of the rod. - 


F2 


iB. 
17. The assembly of two discs as shown in figure is placed on a rough 
horizontal surface and the front disc is given an initial angular velocity 
@ - Determine the final linear and angular velocity when both the discs 


start rolling. It is given that friction is sufficient to sustain rolling in the 
rear wheel from the starting of motion. 


18. A horizontal plank having mass m lies on a smooth horizontal surface. A 
sphere of same mass and radius r is spined to an angular frequency œg 
and gently placed on the plank as shown in the figure. If coefficient of 
friction between the plank and the sphere is p. Find the distance’moved 


by the plank till the sphere starts pure rolling on the plank. The plank is 
long enough. 


19. A ball rolls without sliding over a rough horizontal floor with velocity vy =7 m/s towards a smooth 
vertical wall. If coefficient of restitution between the wall and the ball is e = 07. Calculate velocity v of 
the ball long after the collision. 


20. A uniform rod of mass m and length / rests on a smooth horizontal surface. One of the ends of the rod is 


struck in a horizontal direction at right angles to the rod. As a result the rod Obtains velocity vg. Find the 
force with which one-half of the rod will act on the other in the process of motion. 
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22. 


23. 


24. 


25. 


26. 
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A sphere, a disk and a hoop made of homogeneous materials have the same radius (10 cm) and mass 
(3 kg). They are released from rest at the top of a 30° incline and roll down without slipping through a 
vertical distance of 2 m. (g =9.8m/s a 

(a) What are their speeds at the bottom ? 

(b) Find the frictional force fin each case 

(c) If they start together at ż = 0, at what time does each reach the bottom ? 

ABC is a triangular framework of three uniform rods each of mass m and length 2/. It is free to rotate in its 
own plane about a smooth horizontal axis through A which is perpendicular to ABC. If it is released from 
rest when AB is horizontal and C is above AB. Find the maximum velocity of C in the subsequent motion. 
A uniform stick of length L and mass M hinged at one end is released from rest at an angle 89 with the 
vertical. Show that when the angle with the vertical is 0, the hinge exerts a force F, along the stick and F; 
perpendicular to the stick given by 


E; =5 Mg (Scos 0-3cos 0%) and F, = Mgsin 0 


A uniform rod AB of mass 3m and length 4/, which is free to turn in a vertical plane about a smooth 
horizontal axis through A, is released from rest when horizontal. When the rod first becomes vertical, a 


point C of the rod, where AC = 3I, strikes a fixed peg. Find the linear impulse exerted by the peg on the 
rod if : 


(a) the rod is brought to rest by the peg, 

(b) the rod rebounds and next comes to instantaneous rest inclined to the downward vertical at an angle 
Z radian. E 
3 


A uniform rod of length 4/ and mass m is free to rotate about a horizontal axis passing through a point 
distant / from its one end. When the rod is horizontal, its angular velocity is œ as shown in figure. 


Calculate : 
l + 
o 
(a) reaction of axis at this instant, 


(b) acceleration of centre of mass of the rod at this instant, 


(c) reaction of axis and acceleration of centre mass of the rod when rod becomes vertical for the first 
time, 


(d) minimum value of @, so that centre of rod can complete circular motion. 


A stick of length / lies on horizontal table. It has a mass M and is free to move in any way on the table, A 
ball of mass m, moving perpendicularly to the stick at a distance d from its centre with speed v collides 


elastically with it as shown in figure. What quantities are conserved in the collision ? What must be the 
mass of the ball, so that it remains at rest immediately after collision? 
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27. A rod of length / forming an angle 6 with the horizontal strikes a frictionless floor at A with its centre of 
mass velocity vp and no angular velocity. Assuming that the impact at A is perfectly elastic. Find the 
angular velocity of the rod immediately after the impact. 


28. Three particles A, B and C, each of mass m, are connected to each other 
by three massless rigid rods to form a rigid, equilateral triangular body of ' 
side /. This body is placed on a horizontal frictionless table (x-y plane) A x 
and is hinged to it at the point A, so that it can move without friction about 
the vertical axis through A (see figure). The body is set into rotational o) 
motion on the table about A with a constant angular velocity œ. 

(a) Find the magnitude of the horizontal force exerted by the hinge on 
the body. 

(b) At time T, when the side BC is parallel to the x-axis, a force Fis —— 
applied on B along BC (as shown). Obtain the x-component and the Bee 
y-component of the force exerted by the hinge on the body, 
immediately after time T., 

29. A semicircular track of radius R = 62.5cm is cut in a block. Mass of block, 
having track, is M =1kg and rests over a smooth horizontal floor. A 
cylinder of radius r = 10cm and mass m= 0.5kg is hanging by thread such 
that axes of cylinder and track are in same level and surface of cylinder is 
in contact with the track as shown in figure. When the thread is burnt, 
cylinder starts to move down the track. Sufficient friction exists between 
surface of cylinder and track, so that cylinder does not slip. 


Calculate velocity of axis of cylinder and velocity of the block when it 
reaches bottom of the track. Also find force applied by block on the floor at 
that moment. (g =10m/s” ) e 


30. A uniform circular cylinder of mass m and radius r is given an initial angular velocity œg and no initial 


`- -~~ translational velocity. It is placed in contact with a plane inclined at an angle a to the horizontal. If there 
is a coefficient of friction p for sliding between the cylinder and plane. Find the distance the cylinder 
moves up before sliding stops. Also, calculate the maximum distance it travels up the plane. Assume 
u >tan a. 


31. Show that if a rod held at angle 0 to the horizontal and released, its lower end will not slip if the friction 


coefficient between rod and ground is greater than anaes 


1+3sin? 0 
32. One-fourth length of a uniform rod of mass m and length / is placed on a rough horizontal surface 


and it is held stationary in horizontal position by means ofa light thread as shown in the figure. The 
thread is then burnt and the rod starts rotating about the edge. Find the angle between the rod and the 
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horizontal when it is about to slide on the edge. The coefficient of friction between the rod and the 
surface is p. 


33. In figure the cylinder of mass 10 kg and radius 10 cm has a tape wrapped round it. The pulley weighs 
100 N and has a radius 5 cm. When the system is released, the 5 kg mass comes down and the cylinder 
rolls without slipping. Calculate the acceleration and velocity of the mass as a function of time. 


iis kg 


34. A cylinder is sandwiched between two planks. Two constant horizontal forces F and 2F are applied on 
the planks as shown. Determine the acceleration of the centre of mass of cylinder and the top plank, if 
there is no slipping at the top and bottom of cylinder. 


2F 4g 


smooth —™ 


35. A ring of mass m and radius r has a particle of mass m attached to it at a point A. The ring can rotate 
about a smooth horizontal axis which is tangential to the ring at a point B diametrically opposite to 
A. The ring is released from rest when AB is horizontal. Find the angular velocity and the angular 


acceleration of the body when AB has turned through an angle = 
J 


a, 


36. A hoop is placed on the rough surface such that it has an angular velocity w= 4 rad/s and an angular 
deceleration a = 5 rad/s”. Also, its centre has a velocity of vo =5 m/s and a deceleration ag =2 m/s”. 
Determine the magnitude of acceleration of point B at this instant. 
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37. A boy of mass m runs on ice with velocity vp and steps on the end ofa plank of length / and mass M which 
is perpendicular to his path. 


(a) Describe quantitatively the motion of the system after the boy is on the plank. Neglect friction with 
the ice. 


(b) One point on the plank is at rest immediately after the collision. Where is it? 


38. A thin plank of mass M and length / is pivoted at one end. The plank is released at 60° from the vertical. 
What is the magnitude and direction of the force on the pivot when the plank is horizontal? 
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ANSWERS A 


Introductory Exercise 9.1 


2 
1. About a diagonal, because the mass is more concentrated about a diagonal 2E 3. 


3 
4. (i) S mr? + 2ma* (ii) 5 mr? + ma? 5. (a) 2MI? (b) = Me 6. = ma? 


7. 0.5 kg-m* ` 8. 0.43kgm? 9. 10. The one having the smaller density 


sl? 


Introductory Exercise 9.2 
1. 100rad 2. 800 rad 3.5N-m «4. 0.87 N 


5. (a) 4rad-s", -— 6rad-s* (b) —- 12 rad-s~ 
6. 7s 


Introductory Exercise 9.3 


ing 
2. imwe aam 4, M asita 


2 Zg 5. No 


Introductory Exercise 9.4 
oM i pA š 
EETA 2. Duration of day-night incerease 3. True 


Introductory Exercise 9.5 
l. y? = (=) x 2. jae (1- sin 0) 


Introductory Exercise 9.6 


2 ate) 35 
1. z meh 2. + cos Ro 3. OR 


Introductory Exercise 9.7 
5 pg cos 6 


I + 2Mr? 
1. (a sin@-pgcosé (b) = 2. False 3. Leftwards 4. False A 
(a) g u8 2 R AMr2 T 


6. lim can make the body. move 7. False 
F>0 


Introductory Exercise 9.8 
1l. (a)u<1 (b)p>l 2. £R 


AIEEE Corner 
Subjective Questions (Level 1) 
L Sm? 255km 3. 4 MÊ 58cm 
5 ; 5 oa 4 


6. /=ypr?, where p = =r is called the reduced mass of two masses. 


Te he al* + pÈ 8. rads) 9. (-k)rad-s* 10. 10rad-s? 11l. o= 12. 2rad/s 
4 3 30 2R 
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i Ob ; 83 
13. (-2i- 2k)N-m 14. 400 N-m (perpendicular to the plane of motion) 15. 2.71 N-m 16. 20 N-m 


17. (8n)rad-s,(40x)rad-s*! 18. 70 rad 19. (a) 0.01 N-m (b)0.13N-m 20. 20s 


20 30R 303R 2 

. =N-m,4 . (a) =S (bb = ~~ 23. (a) 36s (b) 12 /— 

21. Z Nm,4s 22, (a) ia O Sag (a) (b) $ 
24. (a)@=12.5rad-s? (b)127.5rad 25. 9rad, 1.43 26. œ, = 4 rad/s, a, = - 6.0 rad-s* 


x a 25 
27. 4/2kg-m?s? 28. mo 29. -(Zm i 30. (Fm Jk 31. Increase 32. geds 


33. 7.29x 104 kg-m? 34. (a) 14.3 rad-s`}= 2.27 rev-s™} (b) E; = 39.9 J, E= 181 J (c) 141.1 J 


_ 2m li - 36 2m 4F cos@ 3MF cos@ MF cos @ REE 
= @a=(14 w) e i ii ed 36. 34 8m’ 3M+8m'3M+8m M+ 3m 
2 25 30 4 2v 1 
38. 72N 39. (a) —— = ms? = ms? = 4l.(ay— (bs 
(a) FE (b) > ms (c) > ms 40 3 Mlo @o ()5 
2u 2u 
42. = (b 
(a) 3 ( a 


Objective Questions (Level 1) 
1. (d) 2. (a) 3. (c) 4d 5.(b) 6a) 7. (c) 8. (b) 9. (b) 10. (b) 
11. (d) 12. (a) 13. (b) 14. (b) 15.(b) 16.(d) 17.(a) 18. (b) 19. (b) 20. (d) 
21. (c) 22. (d) 23. (b) 24.(a) 25.(a) 26.(b) 27.(c) 28.(b) 29. (a) 30. (d) 


JEE Corner 


Assertion and Reason 


1. (d) 2. (b) 3. (d) 4. (a) 5. (a) 6. (a) 7. (c) 8. (b) 9. (b) 10. (a) 
11. (c) 


Objective Questions (Level 2) 


1. (d) 2. (b) 3. (b) 4. (d) 5. (c) 6. (a) 7. (a) 8. (b) 9. (c) 10. (c) 
11. (b) 12. (c) 13.(6) 14. (b) 15.(d) 16. (a) 17. (b) 18. (b) 19. (d) 20. (b) 
21. (c) 22. (b) 23. (c) 24. (d) 25. (c) 26.(a) 27.(b) 28.(d) 29. (a) 30. (c) 
31. (b) 32. (b) 33. (b) 34. (c) 35. (d) 36. (a) 37. (d) 38. (b) 39. (d) 40. (c) 
41. (a) 42. (a) 43. (a) 44. (c) 45. (a) 46.(d) 47. (b) 48.(d) 49. (c) 50. (c) 
51. (d) 52. (d) 53. (a) 


More than One Correct Options 


1. (a,c) 2. (all) 3. (a,b,d) 4. (a,b) 5. (a,c,d) 6. (all) 7. (a,c) 
8. (b,d) 9. (a,b) 10. (a,c) 11. (a,b) 
Match the Columns 
1. (a)>q (b) > s (c)>q (d)>p 
2. (a)> p (b) > s (c)>p (d)or 
3. (a)>ps (b)>pr (c)oqr (d)>p,r 
4. (a)>q (b)>r (c)>r (d) >p 
5. (a)>q (b) > s (c)>p (d)> 5 
6. (a)=>qr (b)>p (c)>s _(d)>q 
7. (ajor (b) > q (c)>s (d) > p 
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CHAPTER 9 Mechanics of Rotational Motion 85 
Subjective Questions (Level 2) 


F 
1. In each case in clockwise direction 2. (a) 3g/2, (b) 3g/4 (c) mg/4 3.0612m 4. sa 7 
. 3 1 4mg 2v 
5. 0.75ms4,1.98ms? 6. (b) = . < 8 2 
Oye 7 cos MR R 
2 _ mg mve 
9. f= 5 mg sin®, N= 7 Gree 10+ TT zy D 
10. (a) f= 2 (5 - E) F assuming f opposite to F (b) a= (Z) (R +r) (c)yes, if ris greater than 4 R. 
3\2 R 3mR 2 
(d) fin same direction as F. 
8F 
11. c, m 
@) 3m + 8m," 3m + 8m, 
(b) Team (between plank and cylinder) Sa (between cylinder and ground) 


12. (a) 1.43 ms (b) 7.15 rad-s* (c) 1.43N 13.2.25s 14. 0.745 ms"! (rightwards) 


3v j r on: o _ 2031? _ 1 99. 9 mv 
15. ne (anticlockwise) 16. 1m 17. r 18. S= Blug 19. v=1.5ms pi 


21. (a) Sphere, 5.29 ms~), disk 5.11 ms~}, hoop 4.43 ms (b) Sphere 4.2 N, disk 4.9 N, hoop 7.36 N 
(c) Sphere, 1.51 s disk 1.56 s hoop 1.81 s 


22. 21 {a8 24. (a) Gajra ©) 4 mea 2+) 


25. (a) = jan Ca (b) (28) + (lo?) (c) (= me+ mio? ), (SE + 10?) w f 


cos 8 


Vo 2 F 
a — 28. V3 mi — 7 2 
26. lod? a7 27. a= 7 A a eee z) (a) V3 mlo* (b) F, 4° F; V3 mlo 
2-a ; % 2 i 
r cos a- = 
29. 2.0ms", 1.5ms4, 16.67N 30. d= ou aisina) r“ o5 (a cosia- sina) 


a Ae ieee LAGS Plt Ga eE 
2g(3u cos a - sina) a "4g sina (3p cos a - sina) 


= tan { 4H -2 Agt F 2iF [fg 3g 2 
32. 6= tan (£) 33. 3.6 ms“, 11 34. 26M ' 26M 35. Ir ‘Ii 36. 6.21 ms 


37. (o) 2 from the boy 38. L mg, “Dx a = tan (5 } 
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Chapter 9 Mechanics of Rotational Motion 


| evel 2 | | 


1. Torque about bottommost point in each case is clockwise. 


2 a we, -38 
I m? 2l 
3 
(a) ap =la -2 Ans. 
(b) @=50=78 | Ans. 
(c) gael o £ PR-T Pare Ans 
m 4 m 4 
3 mgh= Kp ERr my 
Here h= ssin 0 
gs sin8=—y j 
3y? oy 
or s= r oer v =0.612 m Ans. i 
4g sin 8 4x98 
4. I = MR? 
For pure rolling to take place. a=Ra a 
1 
or Pm Sop SR aw’ 
M MR?) M F 
F 
JSS f Ans. 
and jn i go ‘ 
M 2M Ans 
5. v+ Ro =1.5 å 
s0) 
and Ro- v = 3.0 (ii) | 
From Eq. (i) and (ii), we have i 
Ro -v 
\ 
v > 


V+ Ro 


Ro =2.25m/s and v=—0.75 m/s 
Thus, velocity of point C is 0.75 m/s (towards left). 


Vp = iv? + (Ro)? + 2v(Ra) cos (90 + 30) 
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= 10.5625 + 5.0625 + 2 x 0.75 x 2.25 x (-3) 


Hints & Solutions 319 


= 1.98 m/s Ans. 
Mg -T 
6 a= = (i) 
TR 2T 
= = UR ..(ii) 
— MR? 
2 
a=Ra (iii) 


Solving these three equations, we get 


gust and r- Ans. 
3 3 


7. From conservation of mechanical energy, decrease in gravitational PE = increase in rotational KE 


or mg(R) = Ez + mk] (e) 
2 2 

or 5 o= 4ng Ans. 
(2m+ M)R 


8. Initially there is forward slipping. Therefore, friction is backwards and maximum. 
Let velocity becomes zero in time f, and angular velocity becomes zero in time h. 


Then, 0= v — at, 
= p= = “0 fl 
a ug 
and O=@)-at or h=® 
a 

Here, = neh _ 2g 

Å mR? R 

2 

OR 

as „(ii 
Disk will return back when >t 
OR Vo 
or — > — 
2ug ug 
2vo 
Oy > — A 
or >R ns. 
9, h=(R-r)(1- cos 8) ..-(i) 
. (1 
Kinetic energy at angle 0 is, K = 3 G mi) — mgh 
. 5 
In case of pure rolling Kr = 7 K 
— mv? =- mg -> mgh 
x v= -B gh ... (ii) 
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Equation of motion at angle 0 is, A 
mv 
ro 0 = ——— 
N — mg cos (Rn) 


m 2 10 
= 7 0 -—— | OO sh 
N =mg cos 0+ R- í 0-5 


Substituting value of h from Eq. (i) 
N =mg cos 0+ 


m }a- Se @-nit-coso) 


R-r 
2 
mg myo Ans. 
=— (17 cos 0 - 10) + ——— 
7 ( (R-r) 
Force of friction, f= mg sin @ (for pure rolling to take place) 
mr 
1+ — 
I 
_ mg sin 8 (7-2 m) 
=> z 
1+= 
2 
=- mg sin ð Ans. 
10. (a) For pure rolling to take place, 
a=Ra F 
F- Fr+ 
or Faf- R ; JR j 
= —mR? 
2 
Solving this equation, we get 
2(1 F 
==|---—|F 
f 3\2 z) Ans. 
a F-f 
(b) Acceleration a= > 
Substituting value of f from part (a), we get 
a= 2 (R+r) ; 
3mR Ans. 
(c) a> E if 
m 2 
R 
pe nl or re ee 
(d) In this case force of friction is in forward direction. Ans. 
11. We can choose any arbitrary directions of frictional forces at different contacts. 
F =a 
<— fi 
In the final answer the negative value will show the opposite directions. 
Let fi = friction between plank and cylinder Ja = friction between cylinder and acond 
q = acceleration of plank a = acceleration of centre of mass of cylinder 


and a = angular acceleration of cylinder about is COM. 
Directions of f; and /; are as shown here : 
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Since, there is no slipping anywhere 


a a, = 2a, ---(i) 
(Acceleration of plank = acceleration of top point of cylinder) 
_F-f z 
a =" . (ii) 
ft 
aai h „Gii 
m 
a- -AR 
I 


(7 = moment of inertia of cylinder about COM) 


a- A= AR a, = 2a 
sin R? (> ae 
2 ~ 
č n ...(iv) 
a =Ra =i- h) ..(v) 


m 
(Acceleration of bottommost point of cylinder = 0) 


(a) Solving Eqs. (i), (ii), (iii) and (v), we get 
8 
asra OM 8 
m 
1 + Om, pact omz Ra a2 


3mF 
(b) YY 
A 3m, + 8m, 

_ mE 
A= 3m, + 8m, 


Since, all quantities are positive, they are correctly shown in figures. 


Note Above calculations have been done att =0 when o =0. N y 
12. If a be the angular acceleration of the hoop and a be the i 
acceleration of its centre, acceleration of m would be ar + a. 
Here, Tr = Ja [where J = moment of inertia of the hoop about the 
horizontal axis passing through its centre] 
Also,T = Ma and mg-T =m[a+ ar] 
Solving, we get i Mg ag 
a E ef AS m F.B.D. of hoop F.B.D. of block of mass m 
[M+2m] 14 
Hence, T =143N 
and ee to 1 rad/s? 
I Mr . . . . 
13. Initially the cylinder will slip on the plank, therefore kinetic friction will act between the cylinder and the plank, 
m, 
e77 i =m ug 
m 


spp PMS a g BE 
P 2m 2 


Ee (me) (R) =+ 28 
(mR*/2) R 
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N N' 
For pure rolling, 
Vp =y- Ro, 

ug 2ug ) 

t= v - pgt - (R) | — | 9) 

z = Yo -Hgt - (R) ( R umg 

= Yo = E S =2s 
3.5ug 3.5x01x10 umg 
i -biei mg 2mg+N 
Se — Sp = Yot — 3 x (ug) (t°) - 2 (is) (°) FBD of cylinder FBD of plank 
3 1 (0.1.x :2) 
= (7 x 2)— = (0.1) (10) (4)- = (4)=11m 
(7x2)—= (0.1) (10) (4) H 3 
Also, v, — Vp = (vo — gt) - @ (1) 
=7-0.1x10x2- P02 4 m/s 
Hence, the remaining distance (12 — 11 = 1 m)is travelled in a time, 
t= a. 0.25 s 
- 4 
*. Total time = 2 + 0.25 = 2.25 s 
14. In rolling without sliding on a stationary ground, work done by friction is zero. Hence 
work done by the applied force = change in kinetic energy 
(30)(0.25)=2 x9 xv? +2 ee ere Ta 
2 2 2 2 r? 
or 7.5 = 13.5v? 
v = 0.745 m/s Ans. 


15. Let vo be the linear velocity and @, the angular velocity of the disc as 
shown in figure then, 


Vo = FW = 2v a) 
and vo + roo =-v sa) 
Solving Eqs. (i) and (ii), we have 0 =- - ks 
r 
Hence, the angular velocity of disc is EA anticlockwise. Ans 
27 ° 
16. Let x be the distance of centre point C of rod from D. Then, 
Fy-FK=ma o F=3N Fy A 
Further, t, =0 0.2m 
D Fo 
i Fax = F (0.2 + x) x r 
5x = F (0.2 + x) 
5x = 3 (0.2 + x) B 
or x=0.3m 
Length of rod = 2 (x + 0.2)=1.0m Ans. 
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' L,=Ly (about bottommost point) 


lop = 2[Jo + mRv] 


l l 
or (3 mR?) @) =2 E mR?o + mR (oR)| 
@ = 90 
= 6 Ans: 
and v=0R= ot Ans. 


18. Let, q = linear acceleration of sphere (towards right), a = linear acceleration of plank (towards left) 


and a = angular retardation of sphere 
= a, = FE mug — 
m u mg T 


a r CAN a TN 
2 2 2r 


3 mr 
Let pure rolling starts after time ‘t’. Then @r-v=v 
@r=2v 
(Oo — at)r = 2(ar) 
seats 2 Wor 
Substituting the values, foes 
9 ng 
1, «ah ‘Quer? 
s=—(a)r =— An 
3 (a) Slug Š 


19. Between A and B, there is forward slipping. Therefore, friction will be maximum and backwards (rightwards). At 
point B where v = Ro, ball starts rolling without slipping and force of friction becomes zero, 
From conservation of angular momentum between points A and B about bottommost point (because torque of 


friction about this point is zero) 


m(0.7¥9 )R — 19 = mR + lo 


v 2 2 
Substituting @) = ie na and J = 3 mR’, we get 


3 3 
= — vw =| —| (7) m/s = 1.5 m/s Ans. 
ge (a) 
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20. Let J be the linear impulse applied at B and o the angular speed of rod. 
J = mo ---(i) 
J (G) = mÈ -0 
2 12 
= . 6vo 
Solving these two equations, o= ra 


Linear speed of D (mid-point of CB) relative to C, 


yy 

ll 
SS 
Ajs 
poca ai 


Ans. 


> 
il 
Lo 

= 3, 


Substituting v = à Vo, We get 


~ 


t 
NI= WIN wp 


0.4 for sphere 


S] 


21. 
= 0.5 for disc and = 1 for hoop 


For sphere : 


0.4 


nfz- ent = 1.51 second 
a 3.5 


Similarly the values for disk and hoop can be obtained. 


22. Ty =1 yg + lac + lac c 
= A mÊ + 2 mi? + {i m? +m wy} 2l l 
3 3 3 
=6 m? A 


If o is the angular velocity in the second position, then using 
conservation of mechanical energy, we have 
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of COM: nar, nd hy = 3, 
13 i 
3mg | —|= 1 (6ml*)@? + 3mg = 23 or o= sv3 
3 2 3 l 
Now, velocity of C at this instant is 2/@ or 2j gl/3 and maximum. Ans. 


23. (i) C is the centre of mass of the rod. Let œ be the angular speed of rod about point O at angle 6. From 
conservation of mechanical energy, 


0, O 


2 
Mg = (cos 8 — cos o (2 


3 
o? = = (cos 6 — cos 89) 
Mg sin 8 + Fy 
Now, F, - Mg cos 0 = M (=) o? 


From Egs. (i) and (ii), we get 


F= ; Mg (5 cos 8 — 3 cos 0%) Hence proved. 
(ii) Angular acceleration of rod at this instant, 
L 
t Mg ee 3 gsin® 
Q =- = — <s 
I ML 2 L 
3 
. ; L\) 3_., rig 
Tangential acceleration of COM, a, = (a) 3 = a gsin® ..-(iii) 
Now, F, + Mg sin 0 = Ma, ..-(iv) 
eee . l i 
From Egs. (iii) and (iv), we get F=- 4 Mg sin 6 Hence proved. 


Here negative sign implies that direction of F, is opposite to the component Mg sin 6. 
24. (a) From conservation of mechanical energy. 


3/ 


B, 
-lio 2 _ 1| Gm4) 22 
(3m)(g)(2/) 5 | Sense 3 G = 8ml*o 


owt 38 
2V1 
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Applying, - angular impulse = change in angular momentum 
J(31) = Io 
3 
or 3JL = (16m ò|; = a 
J= 2 ml 3g 

3 l 

8 
OF Ja 3” 3gl Ans. 


(b) Let œ' be the angular speed in opposite direction. Again applying conservation of mechanical energy, 


GEND == 1(0' = &mP(o"F 


era 2 
~ 22 
Now, applying, angular impulse = change in — momentum 
1 
JGD =I(0 + o')= (16m?) 1 3 (1, al 
)=1¢ ')=( J3 T Ta 
J => mel (V2 +1) Ans. 
mgl 3 g 
25. = Set eS 
m(41y a. Tull l IC 2! 
2 A O B 
3 oa 
(a)y = la = 78 (downwards) mg 
Let V be the vertical reaction (upwards) at axis, then 
mg = V= mac = 3mg 
4 S 
A À 
If H be the horizontal reaction (towards CO) at axis, then 
H = mlo? G) 
.. Total reaction at axis, 
2\2 
N = JH? +V? == mg ac Ani 
& 


(b) a= Vee + Wo = (28) ) + coy ias 


(c) Let œ' be the angular speed of the rod when it becomes vertical for the first time. Then from conservation of 
mechanical energy, 


51 (o? - 0°) = mgl 


o? =o + we 
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2, 2mgl 2, 6g 
= 7 = +t- T 
= m? 7 
3 
Acceleration of centre of mass at this instance will be, 
a = lo? = In? + s Ans. 


Let V be the reaction (upwards) at axis at this instant, then, 


V — mg = ma = mio? + S78 


Ve 3 mg + mlo? Ans. 


(d) From conservation of mechanical energy, 


mgl = 
E N Aüs 
I 
26. Linear momentum, angular momentum and kinetic energy are conserved in the process. 
From conservation of linear momentum, 
Mv' = mv 
m 
or v =—v e (i 
M (i) 
Conservation of angular momentum gives, 
2 
myd = M (0) 
12 
5 (=) 

r = 5 PE 
o! MÈ ED) 
Collision is elastic. Hence, 

e=1 
or relative speed of approach = relative speed of separation 
v=v'+ do 
' h sip gers, 12mva? 
ee A a 
Substituting the values, we hav M ve 
MÊ 
ase nace Ans, 
Solving it, we get 2d 4 P Ans 
27. Let v= linear velocity of rod after impact (upwards), ; J 
o = angular velocity of rod VA y 
and J = linear impulse at A during impact S re t 
Then, J=AP=P,-P, EF d! 
J = mv - (-mv) Ka Y 0 
J =m(v + vo) veal) A A 
At the time of impact After impact 
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Angular impulse = AL , 
(3 cos 0)=10= "0 ssaki) 
2 12 


ni~ 


Collision is elastic (e = 1) : 
Relative speed of approach = Relative speed of separation at point of impact 
vy =v +5 005 0 (iii) 
_ _ 6v% cos 8 
I(1 + 3 cos” 0) 
28. (a) The distance of centre of mass (COM) of the system about point A will be : 


Solving above equations, we get œ Ans. 


FO 


B 
Therefore, the magnitude of horizontal force exerted by the hinge on the body is 


F = centripetal force 


or F = (3m)ro* 
l 
P= sm 4 Jo? 
or ( T 
or F = ¥3 mlo? 
(b) Angular acceleration of system about point A is 
Ta 
a=-—4 
14 
3 
F)| = 
eS 
2ml? 
_3F 
4ml 


Now, acceleration of COM along x-axis is 


Now, let F, be the force applied by the hinge along x-axis, 
Then, 


F; +F= QGm)a, 
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or F +F= em( E) 
4m 
or ET T A 
4 4 
Further if F, be the force applied by the hinge along y-axis. Then, 
F y= centripetal force 


or F, = V3 mlo? 


29. From conservation of linear momentum 


V2 


mv, = My, 
Velocity of cylinder axis relative to block v, =v, + v3 
Applying conservation of mechanical energy, 


mg(R - 1) == mi + = lo? + > Mv} 


Here, I=- mr and o=% 
2: r 


Solving the above equations with given data, we get 


y=2.0 m/s and v =1.5 m/s 


N - mg = 
Further, a Sa 


mv? (0.5)(3.5)° 


cpuie aE SHIT) + 
la dala ee aT 


30. Givenu >tana => jumg cos a > mg sin a 
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Ans. 


Ans. 


a= (ug cosa — g sina) 
= mE Le osia 


a 


Lae r 
2 
Slipping will stop when, 
v=ro 
or at =r (Wp — at) 
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tte l) 
~atra \3ug cosa -g sin a 


2 
dat oPad (ug cos a — g sin osama] 
J 2 3ug cos a — g sin Q 
ros (ucos a — sin a) Ais 
~ 2g Gu cos a — sin a)? 
i TO _ rœ (u cos a — sin a) 
v =at = (pg cos a — gsin 0) EO 


Once slipping is stopped, retardation in cylinder, 

x gena < gina in 4 
i Ike 
mr 2 


' 


v? 3770 (u cos a — sin a) 


~ 2a" E Gu cos a — sin a}? (4g sin a) 
dmax = 4 + d3 3 

_ og (cosa — sin a) 3 (u cos a — sin a) 
i 2g (3u cos a — sin af 2 sin a | 


d, 


ro? (cos a — sin a) 


7 4g sin a (3u cos a — sin a) aa 
Note Once slipping was stopped, pure rolling continues if l 
ws tan a 
mr? 
1+ — 
I 
tan a tan a 
> 
or H TE or u> 3 
and already in the question it is given that 1 > tan a. That’s why we have taken a’ = 2 gsina 
3 : 
31. Point A is momentarily at rest. 
| m, 1 cos 6 
| a 85 3 3g 0s 8 
mÈ 2 l C 
3 j ac 
i a= : 8 
aT A 0 
Now WN =ma, or UN = ma sin 6 
3 
or = i 
uN z 7s sin 8 cos 0 Ai) 
Further, mg -N = ma, 
or N = mg - ma cos 0 
3 
or N =mg-— 7 2 
ait eel ii 
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Bz 
qin Bcos® 3 in acos@ 


Dividing Eq. (i) by (ii), we have pu = 4+ _______ = 
1-3 cos?g 47-3008" 0 
4 
—— = S Proved. 
1+ 3 sin“ 0 
32. Figure (a) and (b) : 
i. 1 1| m? ry" | 6 
oia TEO le 
|] 24g sin 0 . 
L cos 8 
ee mes _ 12g cos 8 (ii 
a “Tl Tot D a se 
p 12 4 
EF, = ma, or mg cos 0- N = ma, 
or N = mg cos 0 - ma, = mg cos 9- maa 
Substituting value of a from Eq. (ii), we get 
re (iii) 


N = mg cos 8 
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Rod begins to slip when : 
uN - mg sin 8 = ma, 
l 
or fung cos 0 — mg sin O= m7" 


Substitution value of œ from Eq. (i), we get 


ay 
Ss Ti Ti —ap 


ay 


M, 
T2 


5g - T, = 5a 
(T, —T)) R 
272 =a, 


1 yp? 
-M,R 
2 a2 


Ti+ f=Ma, 
a= D4 =ë; 
7 Mi 
a = Ra, 

aq + Ra, = Ra, 


Ria) = a 


We have seven unknowns, 7}, 77, 4, @ ©), and f solving above equations, we get 


4 
a = 7 8=3.6 m/s” 


= = Agt 
e 
34. Equations of motion are, 
F + f =Ma <Ci) 
fi+ h =Ma, .. (ii) 
2F - fı = 2Ma, ..(iii) 
‘id in fy) R 
| MR? 
JMR 
Hf a 
a = 24- A) sal) 


or 
MR 


2F 
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For no slipping condition, 

a, + Ra=-a ---(¥) 
and a, — Ra =a, ---(vi) 
We have six unknowns, f, f2, a, a, a, and a. Solving the above six equations, we get 

21F 


q= = 
26M 
35. 


ace ce Ans. 
“ 26M 
Angular velocity : From conservation of mechanical energy, 


decrease in gravitational PE = increase in rotational KE 
or mgr sin 60° + mg (2r sin 60°) = sex ~+m en o? 
3 y Sp 
V3mgr = u mr o~ 
2 4 
ii 6gV3 
llr 


3mgr 
Angular acceleration : œ = I = 8Tcos 60° + mg (2r cos 60°) 2 
I 


= ee = 
| i +m ar zm á 
2 
36. 


rA E 
Here, San has two components a, (tangential acceleration) and a, (normal acceleration) 
a, = ra = (0.3)(5) = 1.5 m/s? 

a, = ro? = (0.3)(4)? = 4.8 m/s? 
and dy = 2 m/s” 


a = [Ea + Œa,’ 


(2 +4.8 cos 45° — 1.5 cos 45°)? + (4.8 sin 45° + 1.5 sin 45°} 
=6.21 m/s? 


37. C is the COM of (M + m) 


rO = -E 


From conservation of linear momentum, 


(M + m) v = m 


o 
v= = v i > 
M+m) ° a o 


or 


c 
®© : 
From conservation of angular momentum about point C we have, 8 
mv (BC) = Io 
or _mMvol =|m M (3 + ME +M = a o 
2(M +m) M+m) \4 12 M+m) \4 
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Putting M -v fio ee 
e via v from Eq. (i), we have 


ve I 4m+M 
© 6| M+m 
Now a point (say P) ata distance x = Č , from C (towards O) will be at rest. Hence, distance of point P from boy at B 
o 


will be 
BP=BC +x 


M (5) i de +M] 21 
= -| p| — | = — Ans. 
M+m)\2 6| M+m 3 


38. Leto be the angular velocity and æ the angular acceleration of rod in 
horizontal position. Then 


2 3g 
Q = zmz- 
MÈ 21 © 
3 
l 


a Mg 


Mg -F,=M(a) £ 
SF M, 
j — Mg = 7 Mg = = 


F= VF; + F? = = Mg Ans. 


anas 2a- eo. 1 
F, (3Mg/4) 3 
atl 
a =tan7'| — f 
(3) iii 
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Solved Paper 2016 


NSEP 


National Standard Examination in Physics 


Conducted ip Homi Bhabha Centre for’ Science Buca India 
Exam Held on 27-11-2016 


NSEP is the first stage of selection of students in the Physics Olympiad Programme which is 
organised by the India Association of Physics Teachers (IAPT). Every student aspiring to go 
through successive stages of the programme must enroll for NSEP. NSEP is held at a large 


number of centres in the country. 


Only one out of four options is correct 


1. 


The breakdown field for air is about 2 x 10° V/m. 
Therefore, the maximum charge that can be 
placed on a sphere of diameter 10 cm is 
(a) 2.0 x 10“ C (b) 5.6 x 107C 
(c) 5.6 x 107°C (d) 2.0 x 10°C 
A wire in the shape of square frame carries a 
current J and produces a magnetic field B, at its 
centre. Now, the wire is bent in the shape of a 
circle and carries the same current. If B, is the 
magnetic field produced at the centre of the 
circular coil, then B, /B, is 

= 


8r 

(b) Z 
A solid wooden block with a uniform cross-section 
is floating in water (density p,,) with a height 
h,below water. Now, a flat slab of stone is placed 
over the wooden block but the block still floats 
with a height A, below water. Afterwards the 
stone is eomuved from the top and pasted at the 
bottom of the wooden block. The wooden block 
now floats with a height h, under water. 

a ot the density of the stone is 


(d) 8n v2 


(a) 87? 


h, -h 
a " (b) =— P 
WP h, =h, 
h, -h 
c 2 1 
ry Age h -h, 


4. Two wires made of the same material, one 
thick and the other thin, are connected to 
form a composite wire. The composite wire 
is subjected to some tension. A wave 
travelling along the wire crosses the 
junction point. 

The characteristic that undergoes a 

change at the junction point is 

(a) Frequency only 

(b) Speed of propagation only 

(c) Wavelength only 

(d) The speed of propagation as well as the 
wavelength 


5. Ultraviolet light of wavelength 300 nm and 
intensity 1 W/m? falls on the surface of a 
photosensitive material. 


If one per cent of the incident photons 
produce photoelectrons, then the number 
of photoelectrons emitted per second 
from an area of 1 cm? of the surface is 
nearly 

(a) 1.51 x 10" 

(b) 1.51 x 10” 

(c) 4.12 x 10" 

(d) 2.13 x 10" 
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6. At a certain height h above the surface of the 


10 
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earth the change in the value of acceleration 
due to gravity (g) is the same as that at a depth 
x below the surface. Assuming h and x to be 
enough small compared to the radius of the 
earth, x: his 

(a) 1:1 (b) 2:1 

(c) 1:2 (d) 1:4 


Two point masses m, and m, are connected at 
the ends of a light rigid rod of length l. The 
moment of inertia of the system about an 
axis through their centre of mass and 
perpendicular to the rod is 

(a) 4 (ae je (b) [re ye 


2\m,+m, m, +m, 


(c) (m, + m,) P (d) [m2 + mi(7 + e) e 
am 


Two particles of masses m and M are initially at 
rest and infinitely separated. At a later instant 
when they are at a finite distance d from each 
other, their relative velocity of approach is 


1 1 
[Gm]? [2G(m + M)]2 
OE (o) 22+ 
[Gim + M)Te [2(GM)]2 
Oia | Ora 


Two blocks of masses m and 2m are placed on a 
smooth horizontal surface as shown. In the first 
case only a force F, is applied from left. Later on 
only a force F, is applied from right. If the force 
acting at the interface of the two blocks in the 
two cases is the same, then F, : F, is 


(a) 1:1 (b)1:2 (92:1 (a) 1:3 


A ball Aof mass 1 kg moving at a speed of 5 m/s 
strikes tangentially another ball B initially at 
rest. The ball A then moves at right angles to its 
initial direction at a speed of 4 m/s. 

If the collision is elastic, the mass (in kg) of ball 
Band its momentum after collision (in kg-m/s) 
respectively are approximately 

(a) 1.2 and 1.8 (b) 2.2 and 3.3 

(c) 4.6 and 6.4 (d) 6.2 and 9.1 
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Directions (Q. Nos. 11-14) These questions 
are based on the following paragraph. 

A nichrome with AB, 100 cm long and of 
uniform cross-section is mounted on a meter 
scale, the points A and B coinciding with 0 cm 
and 100 cm marks respectively. The wire has a 
resistance S = 50 Q. Any point C along this wire, 
between A and B is called a variable point to 
which one end of an electrical element is 
connected. In the following questions, this 
arrangement will be referred to as wire AB. 


11. The emf of a battery is determined using 
the following circuit with wire AB. The 
galvanometer shows zero deflection when 
one of its terminals is connected to point C. 
If the internal resistance of the battery is 4Q, 


its emf is 
battery 
40 cm 
A C B 
1.5V 
(a) 3.75 V (b) 4.05 V 
(c) 2.50 V (d) 9.0 V 


12 


In the adjacent arrangement it is found that 

deflection in the galvanometer is 10 

divisions. Also, the voltage across the wire 

ABis equal to that across the galvanometer. 

Therefore, the current sensitivity of the 

galvanometer is d about 
A 


B 
15V 
10KQ 
(a) 0.050 divfua b l 
0.066 
(c) 0.010 diva ety oh 


(d) Data insufficient 


part of the adjacent 
stors P=50Q and 
nt is obtained at C 
en the resistors are 
e null point is found at C 


13 


The wire AB is now a 
circuit. With the resi 
@=100Q, the null poi 
where AC =33 cm. Wh 
interchanged, th 
with AC =67 cm 
The Systematic error 

seems to be due to non-¢ 
with cm mark and 100c 


in this experiment 
Oincidence of A and B 
m mark respectively. 
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If these end errors and equivalent to ‘a’ cm 
and ‘b’ cm respectively, then they are 


A Ç B 
Le, @ 9, | 
(a) 0 and 1 (b) 1 and O 
(c) 0.33 and 0.33 (d) 1 and 1 


14. In the adjacent circuit, a resistance Ris used. 
Initially with wire AB not in the circuit, the 
galvanometer shows a deflection of d 
divisions. Now, the wire AB is connected 
parallel to the galvanometer and the 
galvanometer shows a deflection nearly d /2 
divisions. Therefore, 


A B 
1.5V 
R 
(a)R =G (b) R<<G 
SG 
R d) R = => 
(c)R>>G (d) FE 


15. Consider a relation connecting three physical 
quantities A,B and C given by A= BC". 
The dimensions of A, B and C are [LT], [L’T'] 
and [LT’] respectively. 

Therefore, the exponents n and m have values 
(a) 2/3 and 1/3 (b) 2 and 3 
(c) 4/5 and -1/5 (d) 1/5 and 3/5 


16. Two identical rooms in a house are connected 
by an open doorway. The temperatures in 
the two rooms are maintained at two 
different values. 

Therefore, 

(a) the room with higher temperature contains more 
amount of air 

(b) the room with lower temperature contains more 
amount of air 

(c) Both the rooms contain the same amount of air 

(d) the room with higher pressure contains more 
amount of air 
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17. A vibrator of frequency f is placed near one end 


18 


19 


20 


of a long cylindrical tube. The tube is fitted 
with a movable piston at the other end. An 
observer listens to the sound through a side 
opening. As the piston is moved through 
8.75 cm, the intensity of sound recorded by the 
observer changes from a maximum to a 
minimum. 

If the speed of sound in air is 350 m/s, then 
the frequency f is 
(a) 500 Hz 

(c) 2000 Hz 


A heavy metal block is dragged along a rough 
horizontal surface at a constant speed of 
20 km/h. The coefficient of friction between the 
block and the surface is 0.6. The block is made 
of a material whose specific heat 0.1 cal/g-°C 
and absorbs 25% of heat generated due to 
friction. 

If the block is dragged from 10 min, the rise in 
temperature of the block is about (g = 10 m/s”) 
(a) 12°C 

(b) 50°C 

(c) 210°C 

(d) Data insufficient 


(b) 1000 Hz 
(d) 4000 Hz 


A gas is made to undergo a change of state 
from an initial state to a final state along 
different paths by adiabatic process only. 
Therefore, 

(a) the work done is different for different paths. 

(b) the work done is the same for all paths. 

(c) there is no work as there is no transfer of energy. 

(d) the total internal energy of the system will not change. 


Vectors A, B, C lie in XY-plane and their 
resultant is R. The magnitudes of A, B and R 
are 100, 200 and 200 respectively. The angles 
made by these vectors with the positive 
direction of X-axis are 60°, 150° and 90° 
respectively. 

Therefore, the magnitude and the angle 
made by C with positive direction of X-axis 
respectively are 
(a) 75, 315° 

(c) 156, 240° 


(b) 110, 45° 
(d) 124, 6.2° 
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21. Two particles A and Bare situated 10 m apart 
along X-axis, B being farther right of A, at 
t =0, Particle A is moving at 0.75 m/s parallel 
to + Y-axis while B at 1 m/s along — X-axis. 


After a time t, they come closest to each other. 
Therefore, t is 


(a) 4.8 s 
(c) 6.0 s 


(b) 6.4 s 
(d) 32s 


22. Outofthe following differential equations, one 


that correctly represents the motion of a 
second’s pendulum is 


d*x x da K 
lieri e Oa t= 
d? 2 
oa mm = 0 (2% + nex=0 


23. A block of mass 2 kg drops vertically from a 
height of 0.4 m onto a spring whose force 
constant K is 1960 N/m. 


Therefore, the maximum compression of the 


spring is 
(a) 0.40 m (b) 0.25 m 
(c) 0.80 m (d) 0.1m 


24. Two blocks of masses m, =8 kg and m, = 7 kg 
are connected by a light string passing over a 
light frictionless pulley. The mass m, is at rest 
on the inclined plane and mass m, hangs 
vertically. The angle of inclination is 30°, 


Therefore, the force of friction acting on m, is 


(a) 30 N up the plane (b) 30 N down the plane 

(c) 40 N up the plane (d) 40 N down the plane 
25. Two factories are sounding their sirens at 

400 Hz each. A man walks from one factory 


towards the other at a speed of 2 m/s. The 
speed of sound is 320 m/s. 


The number of beats heard per second by the 


man is 
(a) 6 (b) 5 
(c) 2.5 (d) 7.5 


26. The adjacent figure shows I-V characteristics 
of a silicon diode. In this connection three 
statements are made-(I) the region 
OC corresponds to reverse bias of the diode, 
(IJ the voltage at point A is about 0.2 V and 
(IID) different scales have been used along +ve 
and -ve directions of Y-axis. 


27 


28 


29 
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Therefore, 
I 


C 0 


(a) only statement (I) is correct 

(b) only statements (I) and (Il) are correct 
(c) only statements (I) and (Ill) are correct 
(d) all statements (I), (I) and (III) are correct 


Two identical lenses made of the same 
material of refractive index 1.5 have the focal 
length 12 cm. These lenses are kept in contact 
and immersed in a liquid of refractive index 
1.35. The combination behave as 

(a) convex lens of focal length 27 cm 

(b) concave lens of focal length 6 cm 

(c) convex lens of focal length 9 cm 

(d) convex lens of focal length 6 cm 


A cup of water is placed in a car moving at a 
constant acceleration a to the left. Inside the 
water is a small air bubble. 


The figure that correctly shows the shape of 


the water surface and the direction of motion 
of the air bubble is 


A sphere of radiu 
(ight polystyrene 
radius R/2. The ce 
at a distance of 
styrofoam spher 
solid materia] 
styrofoam. 


Now, the centre of mass is seen to be located at 


a distance x from th 
e centre of styrofoam 
sphere, therefore xis - 


(a) R /2 (b) R/3 


s R made up of styrofoam 
material) has a cavity of 
ntre of the cavity is situated 
R/2 from the centre of the 
e. The cavity is filled with a 
of density five times that of 


(c)R/4 (d)R/6 
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30.A resistor R is connected to a parallel 
combination of two identical batteries each 
with emf E and an internal resistance r. 

The potential drop across the resistance Ris 


2ER ER 
a b 
( ET: +r 0) R+2r 
ER 2ER 
c 
ORT TET 
31. The critical angle between a certain 


transparent medium and air is >. A ray of light 
travelling through air enters the medium at 
an angle of incidence equal to its polarising 
angle 0. Therefore, the angle of refraction is 
(a) tan“ (sin) (b) tan'(sing) 

(c) sin“ (tané) (d) sin“ (tang) 


32. If a copper wire is stretched to make its radius 
decrease by 0.1%, the percentage changes in 
its resistance is approximately 
(a) - 0.4% (b) + 0.8% 

(c) + 0.4% (d) + 02 % 


33. Consider a manual camera with a lens having 
a focal length of 5 cm. 
It is focused at infinity. For catching the 
picture of an object at a distance of 30 cm, one 
would 
(a) move the lens out by about 1 cm 
(b) move the lens out by about 5 cm 
(c) move the lens in by about 1 cm 
(d) find it impossible to catch the picture 


34. Initially interference is observed with the 
entire experimental set up inside a chamber 
filled with air. Now, the chamber is evacuated. 
With the same source of light used, a careful 
observer will find that 
(a) the interference pattern is almost absent as it is very 

much diffused 
(b) there is no change in the interference pattern 
(c) the fringe width is slightly decreased 
(d) the fringe width is slightly increased. 


35. Two identical loudspeakers, placed closed to 
each other inside a room, are supplied with 
the same sinusoidal voltage. One can imagine 
a pattern around the loudspeakers with areas 
of increased and decreased sound intensity 
alternately located. 
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Which of the following actions will NOT 
change the locations of these areas? 

(a) Moving one of the speakers 

(b) Changing the amplitude of the signal voltage 

(c) Changing the frequency of the signal voltage 

(d) Replacing the air in the room with a different gas 


36. A particle at rest explodes into two fragments 
of masses m, and m, (m, >m,) which move 
apart with non-zero velocities. 

If à, andà, are their de-Broglie wavelengths 
respectively, then 
(a) Ay >A, 
(c) A, =A, 

37. Two particles of masses m, and m, carry 
identical charges. Starting from rest they are 
accelerated through the same potential 
difference. Then they enter into a region of 
uniform magnetic field and move along 
circular paths R, and R, respectively. 
Therefore, the ratio of their masses m, : m, is 
(a) R, : R, (b)R2:R2 (c)R2:R? (d) JR, : JR, 


38. A fixed horizontal wire M carries 200 A 
current. Another wire N running parallel toM 
carries a current J and remains suspended ina 
vertical plane below M at a distance of 20 mm. 
Both the wires have a linear mass density 
10°kg/m. Therefore, the current J is 
(a) 20 A ()4.9A (Cc) 49A 


(b) A, <A, 
(d) Data insufficient 


(d) 200 A 


39. An upolarised light of intensity 32 Wim? 
passes through three polarisers, such that the 
transmission axis of last polariser is crossed 
with that of the first. 


If the intensity of emergent light is 3 W/m?, 
then the angle between the transmission axes 
of the first two polarisers is 


(a) 30° (b) 19° (c) 45° (d) 90° 


40. An electron in injected directly towards the 
centre of a large metal plate having a uniform 
surface charge density of — 2.0 x 10°C/m”. The 
initial kinetic energy of the electron is 
16 x 10°" J. The electron is observed to stop as 
it just reaches the plate. Therefore, the 
distance between the plate and the point from 
where the electron was injected is 
(a) 4.4 x 10m (b) 4.4m 
(c) 4.4 x 10° m (d) Data insufficient 
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41. Graphs (drawn with the same scale) showing 44. The impedance (Z) of three electrical 


the variation of pressure with volume for a components ¢,,e, and e, has frequency (f) 

certain gas undergoing four different cyclic dependence as shown by the following three 

processes A,B,C and D are given below. curves. Three components ¢,&,@€, are 
respectively. 


The cyclic process in which the gas performs 
the greatest amount of work is 4 


le lo lola s, 


©O VvV v 


(a) A (b) B =! a 
(c)C (d) D O 
42. A rectangular metal tank filled with a certain (a) R, L,C (b) R,C,L 


liquid is as shown in the figure. The observer, (c) L, R,C ()C,R,L 

whose eye is in level with the top of the tank, pi wi 

can just see the corner E of the ae 45. The half-life period of a radioactive element E, 
is equal to the mean lifetime of another 
radioactive element E,. Initially both the 
elements have the same number of atoms. 


Therefore, the refractive index of the liquid is 


eye Therefore, 
(a) E, will decay faster 
(b) E, will decay faster 
(c) E, and E, will decay at the same rate 
(d) Data insufficient 
Im E 46. : ee pendulum has a bob of mass m anda 
ight string of length I. The string is replaced 
(a) ig "9 pai by a uniform rod of mass m and of the same 
(c) 1. : length J. ae time period of this pendulum is 
43. As shown in the figure, a block of mass m is (a) 2n(7/g) (b) 2 n(81/ 9g)? 
suspended from a support with the help of a (c) 2m(91/ 8g)? (9) 2n(21/ 3g)" 


system of identical springs. The force constant 47 
of each spring is k. 


A tennis ball is released from a height and 
allowed to fall onto a hard surface. The 


Therefore, the frequency of oscillations of the adjacent graph shows the variation of velocity 


block is of the ball with time from the instant of 
release, 
The point of upward maximum velocity of the 
ball is indicated by point 
Velocity 
PERE o æ 
2n V2m 2n \3m 
1 [5k TAR 
( 3S 6m 27 V5m 
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48. The diagram shows an oscillating block 
connected to two identical springs. The 


frequency of oscillations can be increased 
substantially by 


(a) increasing the amplitude of the oscillations 
(b) fixing an extra mass to the block 

(c) using softer pair of springs 

(d) using harder pair of springs 


49. The variation of velocity with time of a toy car 
moving along a straight line is as in adjacent 
figure. Which of the following graph correctly 
represents the variation of acceleration with 


time for the toy car? 
Velocity (m/s) 


3 Time(s) 


Time(s) 


Time(s) 


Time(s) 


50. 


51. 


52. 


53. 


54. 
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Acceleration (m/s?) 


Time(s) 


An AC source (sinusoidal source with 
frequency 50 Hz) is connected in series with a 
rectifying diode, a 100 Q resistor, a 1000 pF 
capacitor and a milliammeter. After some 
time the milliammeter reads zero. The voltage 
measured across the capacitor with a DC 
voltmeter is 

(a) the peak voltage of the AC source 

(b) rms voltage of the AC source 

(c) average voltage of the AC source over a half-cycle 
(d) average voltage of the AC source over a full cycle 


The frequency of the sound produced by a 
siren increases from 400 Hz to 1200 Hz while 
its amplitude remains the same. Therefore, 
the ratio of the intensity of the 1200 Hz wave 
to that of the 400 Hz wave is 


(a) 1:1 (b) 3:1 (c) 1:9 (d) 9:1 


The fundamental frequency of the output of a 
bridge rectifier driven by AC mains is 

(a) 50 Hz (b) zero 

(c) 100 Hz (d) 25 Hz 


The force of attraction between the positively 
charged nucleus and the electron in a 


2 
hydrogen atom is given by f=k E, Assume 
r 
that the nucleus is fixed. The electron, 
initially moving in an orbit of radius R, jumps 


into an orbit of smaller radius R, The 
decrease in the total energy of the atom is 


ke 1 1 kef {R _ R 
(a) — (+ ra b) —— | — -—2 
2 (AR, R, Os R? R? 
ke 1 1 kef (R, R 
(c) (+ = d) — |2 -23 
2 (R; R, a R? R? 
It is observed that some of the spectral lines in 


hydrogen spectrum have wavelengths almost 
equal to those of the spectral lines in He*ion. 
Out of the following the transitions in He’ that 
will make this possible is 

(a)n = 3ton=1 (b)n = 6ton=4 
(c)n=Ston=3 (d)n = 3ton=2 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 


for Science Education by A Saurabh Arihant 


Directions (Q. Nos. 55-60) These questions 
are based on the following paragraph. 

A wheel of a car is made up of two parts (1) the 
central metal rim and (2) the rubber tyre. The 
width of the tyre W =16.5 cm and height 
h =10.7 cm. The rim overlaps the tyre. The total 
weight of the car is 1500 kg distributed evenly. 
The tyres are inflated with air to a pressure 
2.0kg/cm’. The density of air at pressure of 
1.0 kg/cm? and at room temperature equals 
1.29 g/litre. The outer diameter of the tyre is 
55.4 cm and that of the rim is 40 cm. 

Ignore the thickness of rubber and use the 
dimensions given here. Note that the units 
mentioned above are conventional units used in 
everyday life. 


55. Consider the following two statements about 
a tyre of a car. 
Statement A The horizontal road surface is 
exactly tangential to the tyre. 


Statement B The tyre is inflated with 
excess pressure. 

(a) Statement A is the result of Statement B. 

(b) Statement B cannot be true. 

(c) Statement A cannot be true. 

(d) Neither of the Statement A and B is true. 


56. The left side front tyre was observed to be in 
contact with the road over a length L cm. 
The value of L is 
(a) 8.85 cm 
(b) 9.35 cm 
(c) 11.36 cm 
(d) 10.35 cm 


57. When five persons occupy the seats L 
increases by 2.5 cm. The average weight ofa 


person is 
(a) 66 kg (b) 60 kg 
(c) 62 kg (d) 64 kg 


58. If five persons occupy the seats, the centre of 
the wheel is lowered by about 
(a) 1 mm (b) 2mm 
(c) 3mm (d) 4mm 
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59. The mass of air in a tyre is about 
(a) 24g 
(b) 49g 
(c) 32 g 
(d) 62 g 
60. The tyres of racing cars are very wide. Their 
width is nearly three times the above value. 
This large width is for 
(a) stability and acceleration 
(b) stream lining and acceleration 
(c) stream lining and stability ë 
(d) stream lining, stability and acceleration 
One or more than one options are correct 


61. Water is flowing through a vertical tube with 
varying cross-section as shown. The rate of flow 
is 52.5 mL/s. Given that speed of flow u, =0.35 
m/s and area of cross-section A, =05 cm?. 


Which of the following is/are true? 
Ay vi 


V2 
Az 


(a) A, = 1.0cm?, v, = 070 m/s 
(b) A, = 1.5cm?, v, = 1.05 m/s 
(c)h=5cm 

(d)h=10cm 


62 


A simple laboratory power supply consists of a 
transformer, bridge rectifier and a filter 
capacitor. It drives a suitable load. If due to 
some reason one of the diodes in the rectifier 
circuit becomes open, then 

(a) output voltage of power supply falls to zero 


(b) output voltage of power supply decreases to some 
non-zero value 


(c) AC ripple in the Output increases 
(d) ripple frequency decreases 
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63. Circuit A is a series L-C-R circuit with 
C,=C and L, =L. Another circuit B has 
C,=2C and L, =L/2. Both the circuits 
have the same resistance and the capacitor 
and the inductance are assumed to be 
ideal components. Each of the circuits is 
connected to the same sinusoidal voltage 


66. A small ball bearing is released at the top of a 
long vertical column of glycerin of height 2h. The 
ball bearing falls through a height A in a time 
tand then the remaining height with the 
terminal velocity in time ¢,. Let W, and W, be the 
work done against viscous drag over these 
heights. Therefore, 


source. (a)t, <t, (b)t, >t, 
Therefore, (c) W, =W, (d) W, < W, 
(a) both the circuits have the same resonant : A i 
frèguency 67. A particle moves in XY-plane according to the 


relations x= kt and y = kt (1 — pt) where, k and p 
are positive constants and ¢ is time. Therefore, 


(a) the trajectory of the particle is a parabola 
(b) the particle has a constant velocity along X-axis 


(c) the force acting on the particle remains in the same 
direction even if k and p are negative constants 


(d) the particle has a constant acceleration along — Y-axis 
68. A charge q is situated at the origin. Let E,, Eg 
and E, be the electric field at the points 


(b) both the circuits carry the same peak current 
(c) resonance curve for circuit A is more sharp than 
that for circuit B 


(d) resonance curve for circuit B is more sharp than 
that for circuit A 


64. The variation of acceleration with time for 
a particle performing simple harmonic 
motion along straight line is as in adjacent 


figure. Therefore, 


Acceleration 


1 


oO Time 


(a) the particle has a non-zero displacement initially 


(b) the displacement of the particle at point 1 is 


69 


A(2,-3,-1), B(-1,-2,4) and C(2,-4,1). 
Therefore, 

(a) E, L E 

(b) no work is done in moving a test charge q, from B to C 

(c) 2| E4] = 3|E4 

(d) Es = - Ec 

A uniform spherical charge distribution of radius 
R produces electric field E, and E, at two points 


at distances 7, and r, respectively from the centre 
of the distribution. 


Out of the following, the possible expression/s for 


negative 
(c) the velocity of the particle at point 2 is positive — is /are 
f ‘ : A 2 
(d) the potential energy at point 3 is maximum Ms i ij rT T R 5 m 
65. Which of the following physical quantities h [z] Ph R? 


have dimensions identical to each other? 


(a) The Young's modulus Y 


(b) €,E? where, E is the electric field intensity and 


g,is the permittivity of free space 


(c) 8? where, B is the magnetic field andj, is the 


Ho 
permeability of free space 


(d) kT where, k is Boltzmann's constant and T is the 


absolute temperature 


70 


A metallic wire of length / is held between two 
supports under some tension. The wire is cooled 
through 6°. Let Y be the Young’s modulus, p the 
density and œ the thermal coefficient of linear 
expansion of the material of the wire. Therefore, 
the frequency of oscillations of the wire varies as 


(a) VY (b) ve 


CE (d) E 
l p 
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Detailed Solutions 


1. (b) Given, diameter of sphere (/) = 10cm Substituting the value of Eq. (iii) in Eq. (ii), we get 
3 _ Hol uT ; 
=10x10°m B= re a (iv) 
4L 
i 10 x 10? 5 2| = 
Radius of sphere (r) — 5x102m on 
Breakdown field for air (E) = 2 x 10° V/m After dividing Eq. (i) by Eq. (ii), we get 
We know th Kq B, 242 , 4- 82 
e know that, E = B x? x 
> q= Er 3. (c) According to question, we can draw the 
K following diagram. 
5$ qg =2x 10 x (5x 10°} 
9x 10° 
5 g = 2% 10° x25 x 10" 
9x 10° 
= q=2 x 107 = 86x 10"C 


2. (c) According to question, we can draw the 
following diagram. 


From figure, p,HAg =p,,h, Ag 


H 
h =Z 0 
Pw 
Similarly, pHAg + p,Vg =p, Ah,g 
AH 
h, =RAH + pV ee am) 
Now, p,,Vg + Py Ah.g =P, Ah,g 
V=A(h, -h,) (ii) 
Magnetic field at the centre of square is given by is H 
g q From Eq, (ii), h, = PAH + p,A(h, — hy) 
bol PyA 
B, = 4| E% 2 --(ì) 
s ant h, = (hpn) +P, (h, = hy) 
2 Pw 
Here, J = current flowing through the square PePw = h, Py =p, (h, - h,) 
L =side of square p = =f) öğ 
B, _ Aol V2 Ah, 
mo - 4. (d) We know that, vo |T 
Magnetic field at the centre of circular coil is u 
given by > 
B, = Hol ü) Thus jie. 
oA , Speed of propagation as well as 


wavelength changes, 


The circumference of circular coil is equal to the b) Gi 
. (b) Given, wavelength of ultraviolet light, 


circumference of square. 


2nR = 4L : (A) = 300nm = 300x10-m 
4L Gi) Intensity of ultraviolet light ()=1W/m? 
a Area (A) = tom? =1x10* mê 
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According to question, 
Number of photons, 


n= IA (5) 
(he /A) \100 


(Here, h = Planck constant] 
= 11x10" x 300x10° 1 
(6626 x 10™) (3x 10°) 100 
= (0151) x 10" 
= 15110" 


6. (b) The gravitational acceleration at height h from 
the surface of earth is given by 


6 ss _ 2h 7 
o=o h) por ()) 


The gravitational acceleration at depth x from the 
surface of earth is given by 


gi -o[1-2] (ii) 
According to question, 
9,= o 
2h x 
1-— 1-= 
Jl R Jl d 
2h_ x 
= — = — 
R R 
=> 2h =x 
% 2 : 
=> === or 2:1 
h 1 


i lo 
-_———— 
Oo—_ 0» 0 
mı COM Ms 

mi, =M, 
Now, we can write that 
m,l 
[A = 
m+m, 
mil 
R= 
m +m, 


Now, the moment of inertia of the system about 
an axis through their centre of mass and 
perpendicular to the rod is 

l= ma +My 

l=mf, (f + 4) 


1 
mı v4 V2 m2 
Qs —O 
—— ff 
By conservation of linear momentum 
mv, =MV, 
v, = aK 
m, 
mv 
Vp =—t i) 
ar) ( 
Now, 1 mv? yl mv? san 
2 2 d 
From Eq. (i) ; 
GMm = 1 mv? ig, Ma) 
d 2 2 M 
GMm _1 mv? ( +m) 
d 2 
2 = 2GM? 
'  d(m+M) 
2 
a 2GM°__ pm [_2G 
d(m+ M) d(m+ M) 
Similarly, v,=m 2G 
d(m+ M) 
1/2 
Relative velocity = v, + v, = [ae] 
. (c) According to question, 
Case! When force F, is applied from left. 
: 
Now, acceleration, a = R wiht, 
2m+m 3m 
, F ‘ 
ge) safi) 
Case II When force F, is applied from right. 
: F, 
Acceleration, a =—> 
e F. 
F’, =2ma=— (2m (ii 
2=2ma =~ (2m) (i) 
Now, FsES 
F(m) _ F,(@m) 
3m 3m 
B = or 2:1 
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10. (c) Given, mass of ball A = 1kg 12. (b) A 502 B 
Speed of ball A = 5m/s 
According to question, TSY 
ams P 100 kQ 
—-5 ms Given, number of divisions on galvanometer 
O) (n) = 10div 
1kg Rest ® We know that, a 
ð po j) m —=——__—_ 
m Current (i) R 10x10" 
(0) =15x10* A =150pA 
Conservation of momentum along Y-axis, Current sensitivity of galvanometer is given by 
MV, = W, _10div = divja 
1x4=M, 150A 15 
4=mvsine zati) = 0.066 diviwA 
Conservation of momentum along X-axis 
1x5+mx0=1x0+ mv cos 86) 13. (0) 
5 = mvcos®ð (ii) 
From Eqs. (i) and (ii), c 
5? + 4? = m’v’sin?@ + m°’v? cos? 0 A B 
= 5? +4? = m’v? (sin? + cos? 8) a P a 
=> mv =5° + 4 
= Se ai Given, P=509,Q=1002 
= MEENA ESDAS Case I For the balancing point, 
Now, from conservation of kinetic energy R R 
1 > 1 ae 4 p Ac = _ cB => Rao = Rog 
5 Ms s Sn E h 50 100 
> = 
1 2_ 1 2 1 P AC c8 
=> z (1) (5) => (1) (4) t a S 2p ea N (° =- =} 
3 Baf tP =m] k 
m 
: E R =P and given AC = 33cm | 
= — = 45 A 
2m ” > 2(33 - a) = (b - 33) 
5 = = 46kg = 66 - 2a =b - 33 (i) 
Case Il j i 
11. (b) Given, potential across 40 cm = 15V wie Wien pae interchanged 
= 67cm 
R=502 Re _R 
i =- 
Now, potential drop across the wire AB. 100 50 
15 18 
Vig a tae td > - Rao = Rey 
Terminal voltage across the battery is > Pts) = a) 22 (= = =”) 
v. A(R) ., 15. E50) 
“ R+r 4 50+4 > 67 -a =2b -134 li) 
E= 19X54 aosy After multiplying Eq. (ii) with 2, we get 
50x 4 134 - 2a = 4b ~ 268 (ill) 
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Subtracting Eq, (i) from Eq, (lll), we get 
134 - 2a = 4b — 268 


66-2a= b- 33 
- + = + 
68 = 3b ~ 235 
3b = 303 = b=10icm 
From Eq. (i), 
66 - 2a = 101- 33 = 68 
2a=-2 = a=-icm 
So, end corrections are 1 and 1, 


4. 
14. (c) A 5 
1.5V 
R 
Case | Current through G 
I o£ 
A AR 
R+G 
Case II Current through G 
ss “3 
GS +R - 
S+G 


S =resistance 
Above relation is true, if R >> G 
15. (d) Given, dimensions of A = [LT] 
Dimensions of B = [L°T'] 
Dimensions of C = [LT°] 
A=B"C” 
(LT) = (L2T"'y rF =a 
After comparing, we get 


m+2n=1 ...(i) 

2m-n=1 (ii) 
Multiplying Eq. (ii) with 2, we get 

4m-2n=2 ..-(iii) 


Adding Eqs. (i) and (iii), we get 
m+2n+ 4m—-2n=1+2 á 
§n=3 => an 


From Eq. (ii), 2m-n=1 


16 


(b) In both rooms, pressure is same and they 
have same volume. 
So, pV =nRT =constant = n-T = constant 


Tal 
n 


17. 


18. 


13 


(b) Given, distance moved by piston = 875cm 
Speed of sound in air (v) = 350m/s 
According to question, we can draw the following 
diagram, 

|x — 


1 
We knowthat, f= i= soa, 1000Hz 


(a) Given, speed of heavy metal block = 20 km/h 
Coefficient of friction between the block and 
surface = 0.6 
Specific heat of block material = 0.1 Cal/g-°C 
We know that, 

Distance = velocity x time 


Here, time (t) = 10 min 
Distance a) x 10= 10 km = 10000 m 
60 3 3 
Work done by friction, 
W =u mg-s 


W = 06x x 10% x 10" =2mx 10 J 


According to question, 25% of work done converts 
into heat 50 1 
3 W = msdt 


=> +x @mx 10")=m x 01x 42 x at x10 


at =__29__ = _§ ~ 41990 5 12°C 
4x01x42 042 


. (b) Internal energy change in all paths is same so 


work done in all paths should be same. 


. (d) According to question, we can draw the 


following diagram, 
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From figure, 


A = 100cos60°Î + 100sin30° j 
A=100x 17+ 100x243] 

2 2 
A=50i + 50/3] 
B=-100 V3 Î + 100Ĵ 
R =200Ì 


Similarly, 


C =200j - 50 Î - 50 V3 Î + 100 V3 i - 100] 
C = (100 V3 —50)i + (100 - 50/3) j 
C=120Î+15Ĵ 

IC | = (100 V3 = 50)? + (100 - 50/3 


= (100)? (4) + (50} 4- 4 x 50 x 100 x V3 


=2(50) 4+ 1-2/3 
=100 (5-2/3 =100V5-3-4 


= 100 x 1239 = 124 units 
tan 8 = ay 
120 
@ = tan™ (0125) = 6.2° 
21. (b) Given, the distance between particles 
Aand B=10m 
Velocity of particle A, (v,) = 075 m/s 


Velocity of particle B, (v) = 1m/s 


[3 
= tan“ | = |= 37° 
omer 


10x= 10x 4/5_160 
9 5/4 2 
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22. (d) We know that, l 
The time period of second pendulum is T=2s 
2n 


er =2 
@ i n 
@=T ...(i) 
So, equation of motion is 
d?x =- Wx 
dt? 
2 
From Eq. (i), a =— nx 
2 
=> o +7°x=0 


23. (d) Given, mass of block (m) = 2 kg 
Vertical height (h) = 0.4m 
Spring constant (K) = 1960 N/m 
According to question, 


mg (h+ x) =i Kx? 
=> 2x98 (04+ x)=} (1960) x? 


> 2(0.4 + x) =100 x? 
=100 x? -2x -08=0 


r=} yb? + 4ac 
` 2a 
watt V+ 320 


200 
ya 2tV824 _ 2418 _ 20 


> Se 


24. (b) According to question, we can draw the 
following diagram, 


From figure, 


T=70Nand 404 fer 
40+ f=70 


f= 70 - 40= 30N down the plane 
25. (b) Given, frequency of sirens = 400 Hz 
Speed of man (v,) = 2 m/s 
Speed of sound (v) = 320nvs 
Frequency heard from tirst factory, 


(ag (=) “Al 
Vv 
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Frequency heard from second factory, 


hat (=) (il) 


v 
Beat frequency, Af = l-h 
From Eqs. (i) and (ii), 


af=t,(“*¥0 if ¥— Mo 
v "N w 
At =f, =) 400 (? £ =| = Sbeat/s 
v 320 32 
26. (c) /-V characteristics of silicon diode is 
I(mA) 


By Forward bias 
region 


Reverse bias| 7 
region (HA) 


So, statements | and III are correct. 
27. (a) Given, refractive index of lens materials 


u) =15 
Focal length of lens (F) = 12 cm 
Refractive index of liquid (4 „) = 135 


Now, F,, == =— = 6cm 
os "22 


Focal length in the medium is fugu» then 


Fa W,-1 _ 15-1 
Fa k1) p 
TE 1.35 

Fa -25 
6700 
1.35 
8X 05% 135 97 om 
se 015 


Focal length is positive, so it acts as convex lens. 


28. (d) If car is accelerating towards left, then 


Pa> Px and Pp > Pe 
So, net force would be inclined in the left. 


15 


29. (b) CM of the remaining styrofoam sphere is 


Now, 


(-R/14, O)p 
ee @e---- 


3° 8) 8 
mm (GF) (8) 
_ 8\14 8 \2 
“= M 
8 8 
4MR 
= 9 ff 
Xo = 72M 7 3 "OT the centre 
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From the eircutt diagram, 32. (c) Percentage decrease of radius = 01% 
2E 
Fa We know that, 
=L = E 
= 2 R= pt 
r A 
ER" r R= yV oe v 
Similarly, 4, = S = Paz 7 
Now, circuit becomes pa pV h A=] 
R i (nr)? 
-PV 
na n°r* 
Here, p, V and mare constant, then 
/2 E AR Ar 
E LDAP taal 
= T R r 
ae (42 x 100) = (x 100) 
R r 
AR 
y =|—= _|xn =- 2 x 100= 4% 01 
Rel 2R+r 
2 AR 


— x 100 =0.4% 
R 


31. (b) According to question, we can draw the : à 
following diagram, Hence, the percentage changes in resistance 


is 0.4%. 
33. (a) Given, focal length of lens (f) = 5cm 
Distance of object (u) = — 30 cm 


We know that, 
Ved! 
f vou 
Dot 1 
From figure, > b y 
Bar À 5 v (-30) 
r + r+ 90° = 180° > LEL 
ra = 90° . 5v 30 
r=90 -r (il) = tali 
According to Snell law, -o a 
_ sind => i, = Gsi => 
om v 30 30 
sing = y sinr , = v=% 
sind = psin (90° - 7) [from Eq. (i)] : 
sin =L.cos/’ shire 
comer [from Eq. (i)] Thus, lens has to be moved out by 1cm. 
— 34. (d) We know that, n 
, pa | Fringe width (B) == 
90° —rsing ET l d 
oe As the air is evacuated, the wavelength increases 
sin > “tan 0-7) and hence fringe width also increases. 
oe 1 =» sinġ=tanr 35. (b) Changing the amplitude will not change the 
ay locations of Increased and decreased 
z r= tan" (sind) sound intensity. 
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36. 


37. 


38. 


(c) Given, the mass of particles are m, and m, 
and m, > m, 
de-Broglie wavelength of m, 

=A () 


my, 
de-Broglie wavelength of m, 
anh 7 
2 mv, sadi) 


Momentum is conserved so momentum of each 
particle is equal in magnitude. i.e., 


my, = My, 
From Eqs. (i) and (ii), we get 
À, =A, l-h = Planck constant] 


(b) Given, masses of particles are m, and m, and 
radii of circular path are R, and R,. 
For first circular path 


Radius, =A (i) 
qB 
1 
But A mv? =QV, 
1 
2m, mV? =o 
(mv, = 2mav, 
my, = 2m, WV, ..-(ii) 
On substituting the value from Eq. (ii) into Eq. (i), 
we get 
A ts vali) 
qB 
2 ” 
Similarly, R, = = (iv) 


2 
From Eqs. (iii) and (iv), we get (2 -(2} 


2 
(c) Given, current in wire (M), J, = 200A 
Current in wire (N), J, = 7 
Distance ¢)=20mm =20 x 10° m 
Linear mass density of wire (A) = 10° kg/m 
We know that, 


Holle 
ne 2nd 


-7 
10? x98 = 21 sex] 


Eo =2x107 
20x 10° 


39. 


40. 


41. 


17 


(a) Given, intensity of unpolarised light 
(I) = 32 Wir? 
Intensity of emergent light (/,) = 3 W/m? 


According to question, the intensity of 
unpolarised light becomes half after passing first 
polarizer i.e., 


I, =16 Wn? (i) 
After passing second polariser, intensity of light, 
I, = 16cos? @ (ii) 


After passing third polariser, intensity of light, 
1, = (16 cos? 6) sin’? @ 
3 = 16cos° 8 sin? 0 


=> 
= 4x 4cos? @sin? 6=3 
=> (2 cos @sin6)’ = 3/4 
5 (sin20)? = 3 

4 
=> sin20 = l = ¥3 

4 2 
= 20=sin' (=) = 60° 
2 

¿g a = 80° _ 30° 

2 


So, the angle between the transmission axes of 

the first two polarisers is 30°. 

(a) Given, surface charge density of metal plate 
(o)=-2.0x 10% 

Initial KE of electron = 1.6 x 107'7J 

According to question, by conservation of energy, 

Loss in kinetic energy = gain in potential energy 


According to question, loss in kinetic energy is 
equal to kinetic energy. So, 


KE =(€E)d 


KE=e (=) d 
a 
5 d -KE X £ 
exo 
— 16x10" x 885 x 10° 
16 x 10°? x2.0x 10% 
= 885 x 10* 
2.0 
=44x10*m 
(d) The more is the area enclosed, the more is the 
work done by the gas. Thus, in option (d) the gas 
performs greatest amount of work. 
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42. (d) According to question, we can draw following 44. (d) 


diagram, Z 
<q- o 
eye e3 es 
e 
lf 
(0) 
In AAOE, z " 
2_ rom diagram, 
To i PiL t acitor C. 
E? = (4° + (3f Since, X, =—. So, e, represents cap 
na W 
OR aa Since, X, = œL. So, e, represents inductor L. 
NOW. oni Since, R is a constants. So, e, represents 
istor R. 
We know that, resistor l i 
1 5 45. (a) According to question, 
H Sins g wLES Half-life of radioactive element E, = mean life of 
i radioactive element E, 
43. (d) n2 a 
k À, ro 
Here, A, and À, are the decay constants of 
E, and E,. 
k 5 0.693 _ 1 
i k 
A, >À 
Here, k =spring constant Decay constant of E, is greater than E,. 
Springs are connected in parallel combination so, Thus, E, decays faster. 
we can draw the above diagram in following 46. (b) We know that, 
manner Time period of physical pendulum is given by 
I 
T=2n |= 7 
MgL roel) 
Moment of inertia of rod, 
2 
1- pmm iy 
3 
or I 
Now, springs are connected in series combination. ms m(5) + mer _ar a 
So, equivalent spring constant, 2m 4 Si 
tka) = kik, _ (3k) (2k) On substituting the value from Eqs. (ii) and (iii) in 


k +k, 3k+2k Eq. (i), we get 


_ 6k’ _ 6, Tude amr? 
es sem) = 
Frequency of oscillation of the block 
IELE reanxd [E on ET 
2nV¥m 2nr\5m mS 5 
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47. (b) The upward maximum velocity of the ball is 
represented by point ‘8’ the one just after the 
first collision, 


48. (d) We know that, 
1 /2k 
Frequency (f)=—— J&S 
2n\m 


Thus, increasing ‘k’ will increase frequency. 
Thus, using harder pairs of springs will serve 
the purpose. 


49. (c) 
Velocity (m/s) 


From graph, 
For AB, a, =slope of AB 
a =n -4-2 -2 omit 
w- T0 1 
For BC, a, = [- 
For CD, a, =slope of CD 
ef at 0-4 —-4 


=—=-4m/s? 
x,-x, 25-15 10 


Now, the acceleration versus time graph will be 
Acceleration (m/s?) 


-velocity is constant] 


Time (s) 


50. (c) ADC voltmeter reads an average of full cycle. 
Thus, the value must have been zero but as there 
is a rectifier thus, it will give reaching of average 
of half-cycle. 

51. (d) We know that 
Intensity of wave (I) « [Frequency (f)}? 

So, 


I, (400% (Wy 1 


52. 


53. 


54. 


55. 


56. 


19 
(c) A bridge rectifier is a full wave rectifier. So, 
frequency gets doubled i.e., f = 2 x 50 = 100Hz 
(c) Given, f= ke” 
r 
We know that, 
ke? 2 
E t 
r 
2 2 
Ke= Ke), [hel ke 
2r r 2r 
For initial stage, 
2 ke? 
ny =-— 
R, 
2 
KE =m a- E aÀ 
s 2R, 
Similarly, for final image, 
2 2R, 
ke? a 
KE, = - — ..-(ii) 
a ( 
Now, AKE = (KE), — (KE), 
=- ke? — = ke? 
2R, 2R, 


1 1 ( 1 1 
=> =n FIO 
me m 3? 2? 
Thus, a transition from 3 to 2 in H-atom is 
equivalent to transition from 6 to 4 in He* ion. 


(a) Excess pressure inside the tyre increases the 
inflation of tyre. The horizontal road surface is not 
exactly tangent to the road along a line. 
(c) According to question, 

4xLxW x (pressure) = 1500 
=4x L x 165x 10° x2 x 10° = 1500 


s =1136 n 
100 
> L=1136cm 
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57. (a) According to question, From equation of continuity, 
= 4x (L + 2.5) x 10° x 165 x 10° x2 x 10° Av, = Av2 “ill 
= (1500 + 5x) Rate of flow, Av, = 52.5 
=> 4x (1136 x 2.5) x 10 x 165 x 10°? x2 x10‘ A = 525 cm? = 15cm? 
= 1500 + 5x 35 
After solving, we get From Eq. (i), 
x = 659kg = 66 kg y, = a4 
58. (c) According to question, we can draw the A: 
following diagram, v, -5 x 0.35 = 105m/s 
(0 


According to Bernoulli theory, 


Radius of 


1 1 
the wheel 5 pv? + pgh =P 


=> v3 - v? = 2gh 
=> h= v = vi 
Á D B 2g , 
(1.05)? — (0.35) 
Length of ——— e 
aver ye 2x98 
Given, AB = 13.86 cm = MO-O12_ 098 _ 0.05 m 
BD = 69cm 2x98 2x98 
OB = 277 cm 62. (b,c) Since, efficiency of half-wave is less than full 
In AODB, OD =./OB? — BD? wave rectifier, output power decreased and since 


energy is only passing through, one path and 


= [277° - (693 hence, ripple increases. 


= 268cm 63. (a,c) Given, C, =C, L, =L [for circuit A] 
Again, AB = 1136cm c L 
= 2C, See i Fy 
BD = 566cm 8 La 7 [for circuit 8] 
OB =27.7 cm We know that the resonance frequency, 


InAODB, OD? = (OB? - BD? tis 
asf 2 2 nyLC 
OD = 427.7} - (566) For circuit A, 


OD =27.1cm 
Reduced height = 27.1 - 268 aonne kaani) 2n I s0 
= 0.3cm= 3mm For circuit B, 
59. (b) Volume = x [(277} - (20)]165 Resonance frequency (f,) = — 1 
= 19.029L ie [Exec 
Mass of air = Volume x p x 2 2 
= 19.029 x 2 x 129 ta J 
= 49.0959 2nVLCO 
60. (a) For increasing stability and acceleration, the f =h [from Eq. (i) 
width of tyre is large Peak current = ĉo 
61. (b,c) Given, rate of flow = 52.5 mL/s R 
Speed of flow (v,) = 035 m/s = z 
Area of cross-section (A,) = 05cm? = nN- 
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64. (a,b,c,d) 68. 
a 


a=-w'x 
a t = 0, x = non-zero negative value 
At point 2, va x9 
dt 


At point 3, velocity = 0 
Hence, potential energy is maximum. 


65. (a,b,c) £, E° and Z have dimensions same as 
0 

energy per volume. 

F _ Energy 

A Volume 
KT has dimensions of energy/mole. 

66. (b,d) Speed at any instant to travel the first half of 
the distance is less than terminal velocity. 
s t>t, 
Work done against the viscous drag while 
travelling first half of the distance 


Y has dimensions of pressure = 


-W, + mgh = 5. m? = -W, + mgh=0 


a W, <W, 
67. (a,b,c,d) Given, x = kt (i) 
y=kt (1- pt) (ii) 
From Eq. (i), = 7 (ii) 
On substituting the value from Eq. (iii) in Eq. (ii), 
we get 


skxž apt 
y xel pe) 70. 


After solving, we get 
y=x- px’ 
..The trajectory is a parabola. 


Since, x=kt 

Velocity of the particle along X-axis is constant. 
a, =-kp<0 

+: k and pare both negative, a,< 0 

Also, a, is along -Y-axis. 


69. 


21 


(a,b,c) According to question, 

R, =21-3j-k 

Ra =-1-2] + 4k 

R, =21-4j+k 

|R,| = JF +- 3)? + (- 1 = (44 94 1 =v14 
Similarly, |R,| = y(- 1° + (= 2}? + (4? =V21 
[Rel = yl2)'+ (-4)? + (1)? =V21 
Rg =Ro > Ve =VM 

No work is done to take charge from BtoC. E, isin 
the direction of R, and E, is in the direction of Rg. 


R, -Rp = (21 - 3) -k)-(-i -2] + 4) 


=-2+6-4=0 
E, E, =0 
> E, L E, 
We know that, 
_ kQ 
R 
1 
E œ RZ 
2 
Hence, Es = Ro -21 =3 
Es Ry 14 2 
=> 2E, =3E, 
(c,d) If, andr, are both less than A, then E er. 
or E = Li 
E, h 
If, > R andr > R, then 
E as 
E, n 
If, > R andr, < R, then 
E R 
E hh 
(a,b,c,d) We know that, 
Tension (T) sa = Aw = YAa® ...(i) 
u 
From Eq. (i), v = = = ee alii) 
u p 
fad 
2l 


From Eq. (li), f=. [Y8 
2l\ p 
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of performance in INPhO, the top 35 students in the merit list are selected and out of these 35 
students finally 5 students go to participate in International Physics Olympiad. 


Table of Constants 


Speed of light in vacuum Cc 3.00 x 10°ms™' 


Planck's constant h 6.63 x 10s 


Universal constant of Gravitation G 6.67 x 10"'Nm*g~? 


Magnitude of electron charge e 1.60 x 10°C 
Mass of electron m, 941x10®™'kg 

1 
a 9,00 x 10°Nm*c~? 


0 
——_-__AaAa ee ee 


Universal Gas Constant R 8.31JK~' mole™' 


1. A massive star of mass M is in uniform circular orbit around a supermassive black hole 
Initially, the radius and angular frequency of the orbit are R and @ res 
Einstein’s theory of general relativity the space around the two objects is di pesa 
waves are radiated. Energy is lost through this radiation and as Genk a teen ioe “hens | 
gradually. One may assume, however, that the orbit remains circular throughout and N E inks 
mechanics holds. ewtonian 
(a) The power radiated through gravitational wave by this star is given by u) 

Lo = K°G’M? Ro 
where cis the speed of light, G is the universal gravitational constant 
constant. Obtain xand y by dimensional analysis. 


of mass M,. 
pectively, According to 


and K is a dimensionless 


(b 


(c) Derive an expression for the rate of decrease in the orbital period (dT 
period T and constants. 


=“ 


Obtain the total mechanical energy (E) of the star in terms of M, M, and R 
: [1] 
/dt)in terms of the masses, 


[3] 
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2. The free surface of mercury (Hg) is a good reflecting surface. A tall 
cylinder partly filled with Hg and possessing total moment of inertia Tis 
rotated about its axis with the constant angular velocity œ, as shown in 
figure. The Hg surface attains a paraboloidal profile. The radius of 
curvature p of the Hg surface attains a paraboloidal profile. The radius of 
curvature p of a general profile is given by 


[1 + (dy/dx)*]”? 
dy/dx 


Where the symbols have their usual meaning. 


(a) Obtain the expression for p of the Hg surface in terms of w,, the distance x from the cylinder axis 


and g. [3] 
(b) Calculate the value of p at the lowest point of the Hg surface, that is (0, 0), when œ, = 78 rpm 
(revolution per minute) n 


(c) Consider a point object at (0, y,) as shown in the figure. Obtain an expression for the image 
position y; in terms of given quantities. State conditions on y, for the formation of real and 
virtual images. [3] 


3. Two identical blocks A and Beach of mass M are placed on a long inclined plane (angle of inclination 
= 6) with A higher up than B. The coefficients of friction between the plane and the blocks A and Bare 
respectively 1, and upwith tan 6 >, >u, The two blocks are initially held fixed at a distance d apart. 
At t =0 the two blocks are released from rest. 


(a) At what time ¢, will the two blocks collide? [2] 
(b) Consider each collision to be elastic. At what time t, and ¢, will the blocks collide a second and 
third time respectively? [4] 


(c) Draw a schematic velocity-time diagram for the two blocks from ż = 0 till ¢ = t;. Draw below them 
on a single diagram and use solid line (—) to depict block A and dashed line (----) to depict 
block B. [5] 


4. One mole of an ideal gas (C, /C, = y where symbols have their usual meanings) is subjected to an Otto 
cycle ABCD as shown in the following pV diagram. Path AB and CD are adiabats. The temperature at 
Bis T; =T). Diagram is not to scale. 


p 


2Po 


Po 


Vo 2V V 


(a) Find the temperatures at A, C and D in terms of T, and pressures at A and D in terms of p,. [4] 


(b) Find total heat absorbed (AQ) by the system, the total work done (AW) and efficiency (n) of the 
Otto cycle in terms of y and related quantities. [3%] 


(c) Draw below corresponding p-T and T-S (entropy) diagrams for the cycle. [6%] 
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5. A metallic rod of mass m and length L (thick line in the figure below) can slide without friction on two 
perpendicular wires (thin lines in the figures). Entire arrangement is located in the horizontal plane. 
A constant magnetic field of magnitude B exists perpendicular to this plane in the downward 
direction. The wires have negligible resistance compared to the rod whose resistance is R. Initially, 
the rod is along one of the wires so that one end of it is at the junction of the two wires (see Fig. (a)). 


y 
BO Be Be 
L L L 
x x x 
(a) (b) (c) 


The rod is given an initial angular speed œ such that it slides with its two ends always in contact with 
the two wir es (see Fig. (b)), and just comes to rest in an aligned position with the other wire (see fig. 
(c)). Determine the value of ©. Neglect the self-inductance of the system. [15] 


6. White light is incident at an angle i on a prism of angle A placed in air as shown. Let D be the angular 
deviation (not necessarily a minimum) suffered by an emergent ray of a particular wavelength. 


dispersed light 


white light 


(a) Obtain an expression for sin(D + A -1) in terms of the refractive index n and trigonometric 
functions of i and A only. [3] 
(b) Let A =60.00° and i = 45.62°. Obtain the refractive index (n, ) for a ray of wavelength A which has 
suffered deviation D =49.58°. aes 


(c) A detailed microscopic theory yields the relation between the refractive index n, of the material of 
the prism and the angular frequency = 2nc/4 of the incident light as 


n?-1_ Ne’ 1 
n?+2 8eyn, (o -o? 


Here, N is the electron density and@, = 2nc/ Ao the natural frequency of oscillation of ‘uwelaanens 
of the material. The other symbols have their usual meaning. The table below lists the refractive 
indices at six wavelengths. 


Aam) 70654 667.82 50157 492.19 44715 
n 16087 16108 1.6263 1.6277 


438.79 
1.6358 1.6376 


Re-express the above equation to get a linear relationship in terms of 8 = tak. 2) l(n? — 
suitable power of à. Tabulate and plot so that you may obtain N and Wy. )/(n? -1) er 


(d) Calculate the values of N, ©, from the graph you plotted. Which part of the electromagn 


spectrum does A, belong to? y- 
(e) An X-ray of energy 1.000 keV is incident on the prism. If we write n = 1+8, then obtain the 


numerical value of ô for this ray. 
(f) For the X-ray of the previous part let i, be the critical angle and 6. =90 


-i bet ; 
grazing angle. Obtain the value of 0.. he corresponding 


[1] 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Indian National Physics Olympiad NSEP INPhO IPO IPhO conducted by HBCSE Homi Bhabha Center 
for Science Education by A Saurabh Arihant 


Detailed Solutions 


1. Given, Mass of star = M 
Mass of black hole = M, 
Radius of orbit = R 
Angular frequency = œ 
(a) Dimension of power = MLT °] 
Speed of lightc = LT-'] 
Universal gravitational constant G = [MLT ?] 


Mass M = [M'] 
Radius R = [U] 
Angular frequency o = [T~"} 
Given, Le = Kce*G’M?R*@° 


For a formula to be correct, the dimensions of 
LHS must be equal to dimensions of RHS. 


i.e., Dimensions of L, = Dimensions of 
Kc*G”M’°R*o? 
MET J= MUPILT'E 
M ET PMP] 
MULT 3]= ML +3y tI: “a 8] 
On comparing both sides, we get 


2-y=1 (i) 
x+ 3y+ 4=2 fii) 
and —x-2y-6=-3 (iii) 
From Eq. (i), we get 
y=1 
Substituting y = 1in Eq. (ii), we get 
x=-5, 


Therefore, formula Lẹ = Ko" °GM*R*a° 


Since, it is given that the orbit remains circular 
throughout and Newtonian mechanics holds. 


Therefore, 


Total mechanical energy (E) = Kinetic energy of 
star + potential energy of star 


(b 


= 


E= I MoR? + (- oe ) ET 
2 R 
* Orbit is circular so, centrifugal force 
= gravitation force 
MoR = oe ii) 


On putting the values in Eq. (i) from Eq. (ii), 
we get g=- GMM, GMM, __ GMM, 
2R R 2R 


(c) Here energy of the system is decreasing w.r-t. 


time through gravitational waves radiations so 
radius of orbit of star decreases. 
According to Kepler’s law, 
T? an 4n’ R? 
GM, , 
2 2 3 
- Ap GTM, _, R= eri 
4r? 4n 
_ GMM, 
2R 


On putting the value of R in above expression, 
we get 


2 
Pas GMM, __ (GM,27) M 
~ gy * 2772 
(GTM, )° 
4n? 


Power radiated L, =rate of decrease in total 


mechanical energy 
2 


i.e., L s- F CMAN a(z) 
at 2 ATS 
2 
_ (GM,27)M dT " 
iE D TE .. (iii) 
and L, = Kc °GM?R*@° (iv) 
On equating Eqs. (iii) and (iv), we get 
2 
(GM,2 7) M aT z 
a ae = Kc °GM?R*@* 
5 oT _ 3Kc~ 5GM2R4@®T*/3 


dt (GM,2n)"M 


1 

Ja T 

o= 2% andr =| CM, | 
T 4n? 


ot  (GM,27°M (T 4r? 
On simplifying, we get 


a 8,8. 
ot = 3ke"'G SIMTE 3? M, 5732n) 


dT _ 3Kc~°GM?T*? k 7 J (= i 


$: 
3 


wI 


= 3Kc7 sosna MT 5/3 M32 n)*3 
On rearranging, we get 


2 
aT i 3KG**M3M(2 n)” 
dt cT”? 
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2. (a) Let us consider a point P(x, y) on parabolical 


(b) 


Surface making an angle @with vertical axis as 
shown in figure. 


Vertical 


At this two acceleration acts one is centripetal 
acceleration (towards centre) and second is 
gravitational acceleration (g) (in negative y-axis) 


2 
tand = a o) 
tan8 = a (ii) 
x 
From Eqs. (i) and (ii), we get 
=> yy = wx 
ax g 
‘ Da d’y aye 
Differentiating w.r.t. ‘x’, — =—2 
dx? g 
Given that radius of curvature of paraboloidal 
surface, 
p= lit Gy/axP i? 
d*y 
dx? 
i dy -4 d°y. 
On putting the values of A and et in above 
x x 
expression, we get 
š 2 3/2 
1+ (2 ] 
g 
o 
g 
At lowest point of Hg surface x = 0 
and ©, =78rpmor 8.16 rad/s 
‘ 2 3/2 
1+ (5) 
7 g 
a /g 
= 9 -_98 .0.447m 
Pano OF (8-167 
or P.o =14.7 cM 
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(c) As free surface of mercury is good reflecting 


surface i.e., it behaves as a curved reflecting 
surface which radius will p, „o 


\ (Yo) 
H 
(0,0) 
; : ; ae re 
Using mirror formula - = — + — 
fv u 
Py =0 g 
H fa- 20an 
ere : a 


Pr eo Y; Ya 
= 205 11 
g Y Vy 
=> Joi _ 20, _ 9-2 SA 
Y MY g Yo 
> = No 
J = 2MY, 


For real image y, Should be negative i.e., 
g -2my, < 0 


> > 2 
Yo Dot 
and for virtual image y, Should be positive, 
ie, g -2xiy > 0 
5 g 
Y<—> 
o 2a? 


3. (a) Given, u, <p, < tang 


DA 


NB 
ah 


Since, friction force acting on each block is less 
than pulling force Mg cost 
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= 


i.e., both blocks have some acceleration and 
also u, < H i.e., acceleration of block Ais 
greater than block B. 


Free body diagram 
Acceleration of block B, 


aji Pulling force -Opposing force 


Mass 
_ Mgsin@ — u „Mg cos 
M 

aa = g(sin® — 1, cosé) 
Similarly, acceleration of block A, 

a, = g(sin8 — p, cosé) 
Now, using relative motion concept, assume 
block B at rest. 


Acceleration of block A, w.r.t. block B, 
Ang = A, — Ag = 9Ha — 1, )COSO 
Initially both are at rest sou,, = 0, S,, =d and 


lett, is the time to collide then using second 
equation of motion 


s=ut + lat? 
2 
d=0+ igts —[,)cosé xt? 


2d 
Hs —H,)gcos® 
Let v, and v, be the velocities of block A and 
block Baftert, time just before first collision 
$ v, =U, + a,t, = 0 + g(sin6 — p, cosé)t 
and v, =g(siné-p,cosé)t, 
In the elastic collision between two blocks, 


velocities are interchanged but acceleration 
remains same if mass of block are equal. 


So, velocities of blocks just after first collision, 
Uy, = g(sin@ - u  cos8)t, 
and Us, = g(sin® — u, cosé)t, 
Velocity of block Aw.r.t. block B, 
Une, = (1, —H,) gcosét, 
Acceleration of block A, w.r.t. block B 
Ang = 9Ha —H,)cosd 


=> t= 


| 


(c 


~ 


27 


If the timet is for second collision just after first 
collision, then using second equation of motion 


Ang =Ungt + Tat? 
=- gita —H,)o0s0lf + “gl, =H, )COS6t 


= igts — p, cost? = g(t, — u, )cosêt,t 


=> t =2t, 
Total time for second collisiont, =t, +t = 3t, 


If the velocity of block A and block B just before 
second collision bev, andv, respectively, then 
Va, =VYa, + at = (sind — 1, coset, 
+ g(sin@ — u, Cos®) 2t, 

= [3siné — cos@(2p, + H,)]gt, 
Va, = Va, + aat 

= g[sinð — p, sin8]t, + g(sin8 — 1, COs8) 2t, 
Ve, = [3sin0 —cosO(u, + 2,)] gt, 
After second elastic collision velocities of block 
will be interchanged. Letu, andu, be the 


velocities of blocks Aand 8 just after second 
collision. 


ie., Us, = Vo, 
= [3sin0 - cos@ (u, + 2u,)] gt, 
and Us, = V4 = [3sin@ —cos@(2u, + a)l gt, 


Velocity of block Bw.r.t. block A 
Uae, = gt, COSO, —p,)=0 
Ift is the time taken by two blocks, for third 


collision just after second collision then using 
second equation of motion. 


das =Up gt + Jast? 


O=Ott + igts - u, )cos®t? 


> t =2t, 
From initial total time taken for third collision, 
t=t, +t 
= 3t, + 2t, = 5t, 


Similarly, they will collide elastically and velocity 
will interchange and so on. 


For first collision, timet, and v, > v 
For second collision, time 3¢, (total) 
and Va, < Va, 

For third collision, time 3t, (total) 
and Va, > Va, 
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4, (a) 
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Velocity 


ty 24 34 4t, St, 


If thet is time after first collision when velocity of 
block becomes equal then, using first equation 
of motion. 


Va = Ve 
u, + a,t =U, + a,t 
g(sin@ — 1, cos6)t, + g(sine — u, Cos6)t 
= g(sin@ — p, cos6)t, + g(siné — 1, cosé)t 
g[sin® — 1, cos@ — sin@ + u, cosé]t 
= g[u, cos® —p,coséJt, 
=> t=t, 
Sot, + t(2t,)is from initial where velocity of both 
blocks becomes equal. 
Again ift is time of second collision when 
velocities of two blocks become equal, using 
first equation of motion 
Vv, =V; 
Uy, + at =Ug, + a,t 
[3siné — cosO(u,, + 2u a)]gt,+ g[sin@-p, cosé)|t 
= [3sin@ — cose(2u, + Ha )l9t, 
+ g[siné — 1, cosé]t 
On solving, we get 
t=t, 
So total time 3t, + t,(= 4t,) taken from initial after 
second collision where velocities are again equal. 
Similarly, 6f,, 8t,, ... are the time from initial after 
third collision, fourth collision, ... where velocity 
is found to be equal. 
Since, AB process is adiabatic. 


State equation 7V’~' = constant 


ret -1 
- ote) a Da ue) 
Ta V, T 2V; 
T ? 
=> Th oT (i) 


Again using state equation of adiabatic 
process, pV’ =constant 
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For process BC Process is isochoric. 
From state equation of isochoric process, 


P = constant 
7 
» babi s Bah 
T, Pa D Po 
5 T: =27 (iii) 


For process CD Process is adiabatic using 
state equation. 
Tv’! =constant 


y-! v1 
Tael a e| w 
T \Mo 2n (2v 
> =k (WY) 


Again, using state equation, 

pV“ =constant 

Y Y 

[n (é) s Po [V 

Pe V 2P, (2v 
> Po = wv) 
Heat absorbed by system AQ = sum of heat 
absorbed in all four processes 

AQ = (AQ) + (AQ)g¢ + (AQ), + (AQ) 


Here processes AB and CD are adiabatic and 
in adiabatic process, AQ = 0 


AQ = (AQ)go + (AQ),, 
=nCy(T, -T,) + uC, (7, -T,) 


(Because at constant volume, given heat is 
equal to uC,A7) 


From Eqs. (i), (iii) and (iv) 
AQ =C, -h+ n-m) 


(b 


= 


aasch- 1.) 


For a closed cycle, the change in internal 
energy is zero i.e., dU = 0 


From first law of thermodynamics 
AQ =dU + AW 
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AQ =0+ AW 
= AW = AQ = c(i = z=) 
; 2r- 
Efficiency, n = 1- Qoa 
BC 
Heat released during isochoric 
= process DA 
lia absorbed during isochoric 
process BC 
Minoo 
n=1-BO = Te) 4 2? art 
WC y (Te F Ta) 27, = h 
= oe (ae 1 = 1 
=1 (=z) =1- 3e- 
_ 1 
al 
(c) Process ABis an adiabatic process with 
Pe > Pa 
> P> 


p-T graph, from state equation, 
pT- =constant 

So, p-T graph will not be straight line. 

T-S graph, since, (AQ),, = 0 


=> (AS),, = 0 

But pol, 

Process BC is an isochoric process with 
Pe > Ps 

> T> Ts 


p-T graph, V = constant, therefore, p-T graph is 
a straight line passing through origin 


T-S graph, (AQ),, =uC,dT = positive 


Entropy increases logarithmically as T increases 


[-T>T,] 
Process CDis an adiabatic process p, < p, 
= bak and (AQ), = 0 
=> (AS), = 0 
Process DA is an isochoric process with 
Pa < Po 
=> T <T 


(AQ),, =HC „dT = negative 


29 
dS = Hovi{ Z) 
Entropy decreases logarithmically as T 
increases. [-T>T,] 
p-T graph 
p 


S 

5. Let us consider rod is making an angle 8 from the 
horizontal axis after giving initial angular speed œ 
(before come to rest) as shown in adjoining figure. 


Let the coordinates of the centre of mass of the rod 
(Senis Ven) 


L Lie 
Xem = —COS@ and Ym = —sin 

2 ý 2 n 
At any instant during motion, the kinetic energy 
possessed by rod 
K =translating kinetic energy + Rotational kinetic 

energy 
mo (i) 
where, lm =moment of inertia of rod about an axis 


which passes through centre of mass and 
perpendicular to horizontal plane. 
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i _ mU 53 
Le, boy = Sa (li) 
On putting in Eq. ag 
K=- mè, + 1, mÈ w? 
: 2 12 
1 /LY im?» 
Sia on. i | Oo = 
2 5) ry al lad 
K= — sili) 


Since, a conducting rod is kept in uniform 
magnetic field which is initially at rest. After giving 
angular speed, it forms a conducting loop with the 
help of wire whose area varies as metallic rod 
moves. 


When flux associated to a conducting loop varies 
with respect to time, a induced emf is generated 
which is equal to rate of change of flux. 


ie., e=— wa (iv) 


[~B is uniform) 
Area of loop at any time 
= ix basex height= : X (Ren) X Yn) 


A= 2X om Yom 
2 
=2 c0s0)} x (sino) = LE sinecose 
2 2 2 


2 
A= "sine (vy) 


> 


Kom, Y em) 


2x cm 
E E 

= cos20 = dA=—cos26d8 
2 2 
Putting this in Eq. (iv), 
dA : Bol? 


=> = —cos26 = e=——cos20 
2 2 


The resistance of cee is R and power consumed 
by circuit is equal tof R 


The power dissipated due to the current is equal 
to the loss of kinetic energy or rodi.e., 
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dt R 
e 1( Bol? ) 
= — = at ERA paat o a | at 
=> dK R Al 5 
Bel" 
=> oK =- a cos? 26 at 
Integrating on both sides,we get 
K,=0 P one 
Bw? Lt Fes 
=> dK =- cos’ 26ct 
K J 4R T 


Ñ TAR 2 
o=% 
Bowl! p°1+cos48 dé 
> 0-K= E A 
4R 8=0 2 Q 
ons 
= -k= SOE ae 
= k- Bolt {o+ aes 
8R 4 Jeno 
5 K= aa (z = o)+ Tsin2x -sino}} 
= = FOU n 
8R 2 
On putting the value of K from Eq. (iii) 
mer _ Bolt x _ 3nB°L? 


For the above prism, we can write 


D=i+i’-A 
Here, symbols have their usual meaning. 
=> D+A-j=i" 
=> Sin(D + A - i) =sin i" (i) 
Again, we haver + 7 = A 
> r=A-r (ii) 
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Now, from Snell's law, n sin r’ = sini’ 
= n{sin(A-r)]=sini’ 
= sini’=n[sinA-cosr—cos A-sinr] 


= 
sini’ =n [sin A- f- sin? r -cos A- sinr] 


= 
snlona fi- SHT oo 
n? 


= sini’= 


con. 
n 


[sin A Jr? - sin? i — sin į cos A] 


Now, from Eqs. (i) and (iii), we have 


sin(D+A— 


=[sinA 4n? — sin? i - sini cos A] 


i) 


(b) Now, it is given that 
A = 60.00°, į = 45.62°, D = 49.58° 

Putting these values in Eq, (iv), we get 

sin(49.58 + 60.00 — 45.62) 

= sin(60.00) 4n? —sin?(45.62) 


...(iv) 


— sin(45.62) cos(60.00) 
=sin(63.96) = L Jn? -051 - 071x (3) 
=> 0.89 = 0.86,/n?A — 0.51 — 0.355 
=  1.44=,Jn? -051 
> n? =2.605=>n, = 161 
Putting the values of n and À, we will obtain the 
table as shown below. 
1 4 P r+2 
A(nm) n rhea 5mm”) B= = 
706.54 1.6087 2.0032 2.8893 
667.82 1.6108 2.2422 2.8813 
501.57 _ 1.6263 3.9750 2.8239 
492.19 1.6277 4.1280 2.8188 
447.15 1.6358 5.0014 2.7901 
438.79 1.6376  _—_5.1938 2.7839 __ 
2 2 
(c) Given, kisa) = Ne [=] 
n+2 3&m, (0-0 


Also, it is given that 


31 
1_ Ne? 1 
=> -= z 
B 3M | (2nc -(? nc ll 
ho d 
1 Ne as 
= ae m ala ne 
B o 12r°em, c? [X -o 
127e, c? | X - 1 LW) 
> Be Ne E et 


1 
From the above table, the plot between B and re can 


be drawn as shown below. 


z 
g 
ao 
i 
5 
Ba 
B 
5: 
Z 
E 
a 
E 
= 


i 

HA 

ENEE ETT 
ENEE 
E] 


ENEE 

a Ce 
Fe ee EG ESE E 
Fz Be EE) EP AN 
Ereet e T E 
Ee E E ANE TE 

Ee eR S 
ele eee TM Lhd 
eae a 


(d) Now, putting B = 0, in Eq. (v), we get 
X- =0 
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= 5.30x10-®nm-?= 1 
0 


> 4 = 453 x107? nm”! 

Ao 

2R _ -3 +9 
> g Tem x v53 x 10 x10 


0 
= ©, =2n x V53 x107? x 10°? 
= 14.45 x 107? x 10° 
= 14.45 x 10° rad/s 
Now, Eq. (v) can be expressed as 
1.1. B Ne? 
em 12 n’emc? 
Slope of the = versus B graph is 


Slope = N? 
127° x emc? 
From the graph, 
5.3.x 107° x 10° 

2.9 
_ N xe? 
42x n? xe, xm, xc? 


Slope = 


Now putting, 
e =1.6x 10" C, £ = 88x 107? C’Hm? 
m = 91x 10°" kg,c = 3x 10° m/s 


We get, 
53x10?  Nx(16x10 "Ý 
29 — 12x(314? x 885x10” 
x 91x10" x (3x 10°) 
= N= 101 x 10” /m° 
1 3 
e, A, = —— x10°nm 
We have, A, NGE 
es 
¥53 


107° -8 
= —— = 0.434 x 10° m 
153 


=43x10°’m 

This wavelength corresponds to visible region of 

electromagnetic spectrum. 

(e) Given that, 
Energy of X-ray, E = 1000 eV 
Speed of light,c = 3 x 10° m/s 

h= 663 x 10°“ J-s 
e=16x10 "C 


mlz >|3 


„663x10“ x 3x 10° 
~~ 4000 x 16 x 10°" 
= 12.43125 x 10°"°m 
N=101x 10" /m? 
m, =911x 10° "kg 


@, = 178 x 10° Hz = 178 


22T rad/s 
2n 


ee 3x 10° 
Ta 12.43125 x 10° 


= 2413273 x 10" rad/s 
Now, using formula, 
n?-1_ Ne? 1 
r+2 3em, E t) 
_ 1.01 x 10% x (1.6 x 107°)? 
ee 0 


3x —x911x10°*" 
367 


i 
e Sa 
(z x 10°) ~ (2413273 x 10°)? 
2n 

— 101x 1.6 x 1.6 x 36m x 31x 10 


3x 911 


1 1 
——______. | X —_ 
laa] 107 


Ga 
nT -1837 x10? 


+2 
r? —1= -1837 x 10° °[n? + 2] 
n’[1 + 1837 x 10°?]=1- 3675 x 10-3 
n° [1.001837] = 0.996325 
n? = 0.994498 = n = 0.99724 
Given, n=1+8 > 8=n-1= 0.994498 - 1 
õ=-55x10°? rad 
(f) i, > critical angle and@, —> grazing angle 
i, = si [ect nde of mecha tor Xr 
Refractive index of air 


eine 0.99 
i, =sin (a) 89,322° 


8, = 90° - i, = 90° ~ 89,322° = 0.677° = 068° 
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